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An analysis is presented of the effects of dynamic axis switching on the three-dimensional quantum
mechanical theory of photodissociations of linear triatomic molecules. The dynamic axis switching
phenomenon arises from the fact that there are small deviations of the orientation of the diatomic
fragment axis from that of the equilibrium triatomic molecule axis in the initially bound state of the
molecule. While these deviations vanish on the average, the dynamic axis switching is shown under
certain circumstances to alter significantly the calculated rotational, orbital angular momentum and
angular distributions from the results of the previous work in which these small deviations are ignored.
The dynamic axis switching. is demonstrated to be important for determining the proper partitioning of
the triatomic initial state rotational angular momentum (J) into nascent diatomic rotational angular
momentum and orbital angular momentum of the atom about the diatom. Thus, the dynamic axis
switching effect vanishes for J = 0. The effects of this dynamical axis switching transformation are shown
to be particularly important for dissociations involving heavy atomic fragments, with lighter atomic
fragments giving a smaller effect. The correspondence is established between these quantum mechanical
results and those obtained classically. Illustrative calculations are provided of the rotation-bending
factor contribution to rotational energy and state resolved angular distributions in HCN and ICN
photodissociation. Bending vibrations influence the angular distributions such that a state averaged
distribution produces a preferred off-axis recoil direction which can be related to the mean square

bending amplitude in the initial bound state.

. INTRODUCTION

One of the primary processes in a wide variety of
photochemical reactions is photodissociation. Despite
its great importance, the detailed description of the pho-
todissociation of an isolated molecule has been adequate-
ly treated only for the case of diatomic molecules where
the problem is relatively straightforward if only a single
repulsive potential curve enters.!=5 The few degrees of
freedom present in a diatomic molecule permit the di-
rect application of conservation laws, simplifying any
calculations considerably.

Consider, on the other hand, the photodissociation of
a polyatomic molecule. As the molecule fragments, the
normal modes of vibration undergo drastic changes, and
new rotational degrees of freedom appear. Further-
more, the fragments may have completely different ge-
ometries than they had in the bound state of the mole-
cule. Reorganization of the electronic structure of the
molecule may even result in the formation of chemical
bonds between atoms that were not directly bonded to
each other in the initial state of the molecule (as occurs
in the photodissociation®? of formaldehyde into CO plus
H,). These major changes in molecular structure make
polyatomic photodissociations both intrinsically more
interesting than those of diatomics and more difficult to
treat theoretically as well.

The additional degrees of freedom that are present in
polyatomic molecules prompt us to ask how the excess
energy, that is released in the dissociation, is parti-
tioned among these degrees of freedom. This question
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is rarely of much importance in the dissociations of
diatomic molecules, since the only degrees of freedom
relevant to the energy partitioning are the electronic ex-
citations of the fragment atoms and the translational mo-
tion of the atoms as they separate. For diatomic disso-
ciations involving only a single repulsive potential curve,
only one electronic state is obtained for each atom, and
the translational energy is rigorously determined by en-
ergy conservation. For dissociations producing di-
atomic or polyatomic fragments, however, there are
additional rotational and vibrational degrees of freedom
that can absorb some of the energy that is released in
the dissociation, and the distributions of energy within
these degrees of freedom are of considerable interest.

In part, this work is motivated by the substantial re-
cent technological advances that have made it possible
for experimentalists to carry out close approximations
to state-selected and state-analyzed experiments. No-
table examples of these experiments include Ashfold and
Simons’s work on the vacuum ultraviolet photolysis of
cyano compounds XCN1*1% and Baronavski and McDon-
ald’s laser induced fluorescence studies of photofrag-
ments produced from the near ultraviolet photolysis of
ICN' and HN,.!" More recently, two-photon excitation
has been used to monitor the product NO rovibronic dis-
tributions in the photodissociation of CF;NO.!® In addi-
tion, Dagdigian and Zare’s recent measurements of
state-to-state angular distributions in chemical reac-
tions'>?! shows that the application of these techniques
to the study of state-to-state photofragment angular dis-
tributions is quite feasible.

The past 10 or 15 years have thus witnessed a pro-
liferation of experimental methods which provide much
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more detailed data about photodissociations than were
available in the past. With such quantities of detailed
experimental data becoming available, it is important
to develop a theoretical understanding of molecular pho-
todissociation processes for chemical species larger
than simple diatomic molecules, The simplest case of
a polyatomic molecular photodissociation is, of course,
the linear triatomic molecule, and this must be under-
stood thoroughly before proceeding to larger polyatomic
molecules.

The theory of the photodissociation of linear triatomic
molecules has been studied by many researchers in vari-
ous approximations. In the earliest works a collinear
model was adopted, using bond oscillators rather than
the correct normal modes. **~2% In subsequent work the
correct stretching normal modes were incorporated, but
all three atoms were still constrained to lie on a non-
rotating line.?®~3! Few treatments have appeared which
have attempted to include bending and rotational motions.
Florida and Rice included these motions in their study
of HCCCI photodissociation, *? but did not use the proper
normal modes of the molecule. In previous works, we
have shown how the bending and rotational motions may
be properly incorporated, thus permitting calculations
of state-to-state photofragment rotational®*=% and angu-
lar3® distributions.

In the description of the motions of a bound state of a
linear triatomic molecule, it is most convenient to refer
to a body fixed axis system rotating with the equilibrium
principal axes of inertia of the molecule. In the descrip-
tion of the motions of the dissociated state of the mole-
cule, on the other hand, the most natural coordinate
system uses the axis of the diatomic molecule and the
atom-diatom vector as the relevant coordinates. On av-
erage, when the molecule is undergoing bending vibra-
tions, the diatomic axis is the same as the equilibrium
axis of the bound triatomic state. Thus, it seems to be
a good approximation to take the angles describing these
two axes as identical. This is the approximation we
have invoked in our previous works. =% [n this paper,
we lift this approximation and explicitly consider the ef-
fects of a dynamical axis switching transformation which
correctly transforms from the set of angles describing
the equilibrium triatomic molecule axis to the angles of
the diatomic fragment. The dynamic axis switching ef-
fects become small or vanish in the limits of low tri-
atomic initial angular momentum and of the dissociation
of a light atomic fragment. It is shown, however, that
this transformation is essential to properly describe the
photodissociations of linear triatomics producing heavy
atomic fragments, as in the case of ICN.

Section II gives the theory of the photodissociation of
a linear triatomic molecule, and the derivation of the
axis-switching transformation is explicitly presented.
In Sec. III, the rotational -bending contribution to photo-
fragment rotational and orbital angular momentum dis-
tributions are presented, using HCN and ICN as illustra-
tive examples, These distributions are compared to the
classical limiting cagses. In Sec. IV, we derive state-
to-state photofragment angular distributions. High en-
ergy limiting calculations for HCN and ICN are compared
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to the distributions obtained through semiclassical the-
ories. Bending vibrations in HCN are shown to produce
state averaged angular distributions with apparent off -
axis recoil. Section V discusses our major conclusions,
and the appendices contain the relevant mathematical
details.

il. PHOTODISSOCIATION OF A LINEAR TRIATOMIC
MOLECULE

In the case of direct photodissociations, involving weak
electromagnetic fields, the decay rate for transitions
from state 7 to state f is given accurately by the usual
“golden rule” expression®’?

2
[y @vev@a

in the Born-Oppenheimer approximation, where V(Q) is
the i~ f state electronic transition moment of the

matter —radiation interaction Hamiltonian. In Eq. (II. 1),
\Ilf(Q) represents the exact nuclear wave function on the
dissociative potential energy surface, which asymptoti-
cally is described by the quantum numbers f and is nor-
malized to 27 times a delta function in energy. ¥,(Q)
describes the exact nuclear wave function on the initial
potential energy surface.

1",, = (11 1)

The golden rule may be gimilarly applied to predis-
sociations if the perturbation V inducing the dissociation
is sufficiently weak and the predissociating states are
well separated in energy (nonoverlapping). In this case
V(Q) is the off-diagonal electronic matrix element of the
perturbation inducing the i~ f dissociation, and ¥,(Q) is
the nuclear wave function of the initially prepared pre-
dissociating state, 2728

For dissociations from a well-defined initially pre-
pared predissociating state, there is no preferred direc-
tion in space and V(Q) is zero-rank tensor (scalar cou-
pling). In this case, the only spatial anisotropy that
may arise is due to the method of preparation of the pre-
dissociating state. On the other hand, for direct photo-
dissociation the direction of polarization of the absorbed
photon determines a preferred direction in space. The
electric dipole approximation is usually a sufficient ap-
proximation in this event, resulting in a first-rank ten-

" sorial coupling V(Q) and the familiar dipole selection

rules for total angular momentum J. These limit the
angular momentum change upon absorption AJ to 0, =1,
so V(Q) may be approximated as a zero-rank tensor so
long as the rotational distributions calculated for J, J+1
are very similar, The relevant tensorial algebra, re-
taining the full dipole treatment, is presented in Ap-
pendix A, where this expectation is shown to be valid.

For the moment, then, let us treat V(Q) as a zero-
rank tensor for simplicity. Furthermore, for allowed
transitions, we may invoke the Condon approximation
that V(Q) is a slowly varying function of Q in the region
of nuclear coordinates important in the evaluation of the
integral, so that Eq. (II.1) becomes

Ty= (IL. 2)

71 Q@u@dm| .

The Condon approximation also applies in the case of
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FIG. 1. The coordinates used
in the theory, @, a), 8',a’),
and (6gp, pgp) denote the spheri-
cal polar angles of the equil-
ibrium principal axis of inertia,
the diatomic axis, and the
atom~diatom vector, respec-
tively, measured in the space-
fixed frame. The angles 6, 6,
¢, X, and A all measure angles

predissociation by spin-orbit coupling, where V(Q) is
usually taken to be a slowly varying function of Q. %7
With minor changes a similar approximation may be
made for cases of predissociation by the failure of the
Born-Oppenheimer approximation, or cases of vibroni-
cally induced direct photodissociation.2™2® The incor -
poration of corrections due to the Q dependence of V(Q)
has been discussed previously, and similar considera-
tions may be applied here, 3437

A. Basis wave functions

The appropriate choice of coordinate system for the
initially bound state of the triatomic molecule consists
of the normal (or local) mode coordinates of the mole-
cule. The initial state wave function is then given as a
product of wave functions for these modes. For the lin-
ear triatomic molecule these include two stretching vi-
brational coordinates @, and @,, and the angle §, which
gives the angle of the bend, measured relative to a lin-
ear configuration. The angles (g, @) are the Euler angles
specifying the orientation of the equilibrium axis of in-
ertia of the triatomic molecule, and y.is an azimuthal
angle about this axis which defines the plane of the in-
stantaneously bent molecule. With this coordinate sys-
tem (see Fig. 1), we may express the basis rotational—
vibrational wave function as

172
2@ =) "pitta, 5w @00, @)

where a harmonic zeroth order potential has been in-
voked for the bending and stretching vibrations. Thus,
¢h1(Q1) and ¢n2(Q2) are the familiar harmonic -oscillator
wave functiong®®

1/4
¢n(Q)=2""2(nl)'“2<%:—)

xexp (- L9 g ‘;—wQ) :

and yf(6) is a two-dimensional isotropic harmonic-oscil-
lator function with vibrational angular momentum % along
the axis®®

(11. 4)

between vectors in the plane
of the instantaneously bent
molecule, as indicated in the
figure, and are all positive
numbers. The center of mass
of atoms 1 and 2 is indicated
by an asterisk, and the dis-
placements of the atoms from
their equilibrium positions
are denoted by x;. Bond 2-3
breaks in the photodissociation

S
(6 9:.)

process.
)
\ 9 (v —2| k| )!
RisY _ 12!
WO =kl ey | (O
3 !
K28R\ iy 252
Xexp (— 5 L(,,.}[kl)/z(K 5%, (11. 5)
where
K= (7(1)2)2(733)2 Woend 2 (11. 6)
G8) MGG NS
m3 my my

Anharmonicities and vibration-rotation couplings may
be treated by forming linear combinations of basis func-
tions of the form of Eq. (II.3). Since each of the indi-
vidual contributions may be treated term by term as de-
scribed below, we continue with Eq. (II.3) for notational
simplicity.

The final state wave function is described in terms of
the coordinates appropriate in the asymptotic region of
separated fragments. Here the angles g’ and o' denote
the polar and azimuthal angles, respectively, of the
diatomic axis, while 6y and ¢gr denote the correspond-
ing angles of the vector from the diatom center of mass
to the third atom. In the asymptotic limit, the relative
motion of the fragments separates from the diatomic vi-
bration, so the appropriate coordinates are Q{ and @,
with @1 the distance from atom 3 to the diatom center of
mass and @, the vibrational coordinate for the diatomic
stretching. Thus, the appropriate asymptotic wave func-
tion has the form

YAQ) =D (It | tipm)
XY;,(0gr, ¢SF)ij(ﬁ” a Y@@y , (IL.7)

with (:71171 [ Ljum) a vector coupling coefficient to provide
eigenstates of total angular momentum J and space-fixed
z projection M,

In the case of symmetrical molecules, such as CO,, -
the asymptotic wave function ¥, cannot be of the form of
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Eq. (I1.7), since either end atom may break off. In this
case, asymptotically the wave function ¥, must go to a
linear combination of terms like Eq. (II.7), with sepa-
rate amplitudes for each of the two possible fragmenta-
tions.

Equation (II. 7) is the exact nuclear wave function for
a separable potential, and gives no inelastic scattering
‘on the unbound potential surface. For a realistic treat-
ment of the dissociation, linear combinations of terms
of this type must be used, with the y,,(Q;) functions de-
termined by the solution of a set of coupled equations, or
approximations to these coupled equations must be in-
troduced to account for the scattering. Band, Freed,
and Kouri*’ have recently shown how the photodissocia-
tion problem with a nonseparable final state potential
surface may be treated by the solution of a set of close-
coupled inhomogeneous differential equations. The in-
homogeneous terms in these equations act as driving
terms which provide sources of flux, and involve pre-
cisely the same Franck-Condon integrals which arise
when Eq. (II.7) is used in the golden rule {II,1), Thus,
the evaluation of Franck~Condon factors, involving
separable wave functions such as Eq. (IL. 7), is an im-
portant step in the economical solution of the general
coupled equations for the photodissociation problem with
nonseparable final potential surfaces, and we concen-
trate on this Franck—-Condon aspect of the problem here.

B. Relations between molecular axes

For a linear molecule in its equilibrium configura-
tion, the principal axis of the molecule coincides with
the axis of the resulting diatomic fragment, and no rota-
tion or axis-switching transformation? is required to
transform the angles (8, @) to (8’, '), provided the mole-
cule is constrained to remain at its equilibrium angle
(6=0). However, as the molecule bends, these axes de-
part from coincidence, and we define ¢ to be the angle
between them (see Fig. 1).

In our previous works®*=* we have taken ¢=0, so the
axis systems appropriate to the initial and final states
coincide, and (B, a)=(g’,a’). If (8',a’) is averaged over
the bending vibrations of the molecule, this identity is
obtained on the average., However, at any given instan-
taneous displacement from linearity the axis systems
appropriate to the two states differ slightly. As bending
vibrations are generally small in amplitude, and ¢ is
always less than 5, the previous neglect in differences
between (B, @) and (8’, @’) seems to be a reasonable ap-
proximation. This paper examines the effects of the dy-
namical axis-gwitching transformation®! which relates
(B, a) to (8, @') as a function of 5, and shows how this
approximation can introduce grave errors in certain
cases.

For small bends, ¢ is proportional to 6, with the re-
sult

»=p0 .
The constant p may be determined by considering the
signed displacements of the atoms from the equilibrium
axis x, (as indicated in Fig. 1) and noting the center-of-
mass constraint

(11. 8)
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Zm;x;:O:(m‘+m2 + Mgl m, - (I1. 9)

i

An additional constraint is that the angular momentum

be conserved as the molecule bends. The familiar

Eckart conditions define the rotating coordinate system

as the one for which the angular momentum vanishes

when all the atoms are in their equilibrium condition
Zmi(rio‘rg.m.)x(fi —i'c.m.)zo (II.IO)
i

with r® the equilibrium positions. Since Eq. (IL.9) fixes

the center of mass, we also have

Zmiﬁ'Q:O .
i

Considering the bending to occur in the x-z plane in the
rotating coordinate system, the y component of Eq.
(I1. 10) yields

(I1.11)

L:V:Xi:ml (Z? _zc.m.)(’.ci "kc.m.) =0
= ;m{ Z{O’Ei — Z¢.m. (z‘:ma 55{)
- Xoom. (‘Zm, z?) + Ze.m. Xoom. (;m,> =0.

Relations (I1.9) and (II.11) cause all terms except the
first to vanish, For convenience, let z,=0, so Eq.
(11. 12) yields

(11.12)

Mmyriy vy —marizxy =0, (I1.13)
which upon integration gives the constraint
Mmyriy %y —mgrysxy=0 . (11.14)

(The equilibrium case sets the integration constant to
zero.)

From Fig. 1 we deduce that

¢=sin 121, (1L 15)
Y12
5= +r=sint M gyt T2 T (IL. 16)
712 723
For small bends, these reduce to
o= X (11.17)
712
p=22% T2 =X (11.18)

Y12 Ya3
Elimination of x;, %,, x from Egs. (IL9), (IL 14),

(I1.17), and (IL, 18) results in expression (II. 8), where
p is given by

_ mgris[(my +ma)vys + myriy)

- maylmy + mz)"’gz +2mymar{yrys +my(my + ms)rfg .
(11.19)

[Note that we have approximated 7y, and 7,3 in Egs.

(IL. 17) and (II. 18) by their equilibrium values. ]

Similarly, we note that for small bends, 6 is also pro-
portional to 6:

6=nd (11. 20)
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FIG. 2. Body-fixed axis systems.
Rotating with the molecule are the
three coordinate systems {x’, v, z'),,
', 9", 2'), and (£, ¥, £). These
coordinate systems have the z axis
along the diatomic axis, the triatomic
equilibrium principal axis of inertia,
and the atom to diatom center-of-mass
" vector, respectively, with the x co-

- 2)
- . - lx y 4 ordinate of atom 3 negative in the
¢ . hadl A
/ ~~~§ (x’,y’,z’) and(x”,y",z”)co‘
. ! -_— )
~ = - A ordinate systems. The x coordinate

as follows: From Fig. 1, it is evident that
0=¢+X . (11.21)

Defining x% .. = (m x, +myx,)/(m +m,), we note that x
is given by

d

x =sin Yome %3 (1L 22)
&
where by the law of cosines it follows that
2
1 2 +< Mm% ) —9Mi%12%23 (0g5 . .2

Q1 _\/’23 e Zm1 o, cos (11.23)
Thus, for small bends, we find

6= xzr- g xg;l‘“;,_% . (11.24)

12 71
¥o3 + e +0()

Again, we may eliminate x,, x,, and x; from Egs.
(I.9), (I1.14), (11.18), and (II. 24) to obtain Eq. (iI.20)
with 1 given as

(m1 + mz)'rg:;
, 1I. 25
Ty + ol + e (11 25)

n:

where once again we have approximated »;, and 7,5 in
Egs. (11.18) and (II. 24) by their equilibrium values,

C. Transformations between different coordinate
systems

In order to transform the wave functions (II. 3) and
(I1.7) into the same coordinate system, relations between
(a, 8,v), (@', 8"), (65, dsr), and & must be introduced.
This requires considerable care, since mistakes are
easy to make at this stage. We define the following co-
ordinate systems (see Fig. 2):

{x,v, 2} is a space-fixed frame:

{¥',9',2'}  is body fixed, with the diatomic vector

-~"‘z of atom 1 is negative in the (£, ¥, 2)
coordinate system. The angles 8, ¢,
and x relate the three coordinate sys-
tems to each other.

pointing in the z’ direction, with the
molecule in the y’ =0 plane, and atom 3
with x}=0;

&', %", 2"} is body fixed, with the instantaneous
principal axis of inertia along the z'’
axis, the molecule in the y’' =0 plane,
and atom 3 with x3’ <0;

&, 9, 2} is body fixed, with the diatom center of
mass to atom vector pointing along the 2
axis, the molecule in the § =0 plane, with
&1 '<— 0.

These axis systems are related by the following rotation
operations:

Rla, B, vMx, v, 2t =1{x",y", 2"}, (11.26)
R(a’, 8, vMx, 9, 2} ={x",5", 2"}, (11. 27)
Rdgr, 5r, vse)x, 9, 2t =1, 3, 2}, (11, 28)
R(0, 9, 0){x",y", 2""}={x', 3", 2"}, (11. 29)
R(0,8,04%, 5, 2}=1{x",y",2}. (I1. 30)

Here we use the notation R(e, 8, y){xyz} to denote the ro-
tation of the {xyz} coordinate system by the Euler angles
(@, B,7), as defined by Rose. **

Noting that Egs. (IL. 26)~(I1.30) yield
R(0, ¢, 0)R(a, B, v){x, v, z} =R(a’, B, v x,y,2} , (1L.31)
R(0, 6, O)R(¢sr, Osr, Yer ¥, 3, 2}
=R(a’, 8',v'Mx, 5,2}, (11.32)

enables us to relate these various angles through the
addition theorem of rotation matrices, 42 obtaining

D}la’, B,y = E;Di,.,,.-(a, By ¥)Dn, L0, ¢, 0) (11. 33)

and
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D'r’nm'(a B,y = ZD{nm"(¢sr~'y Osr, Ysr)Dhend0, 6, 0).
m.
(I1. 34)

These equations may be solved for (a, 8, ) and (¢gr, 85,
vsr) in terms of (@', 8',y’), ¢, and 8 to obtain

D;'nm"(a ’ By 7) = ED‘,’,M:(Q ,’ B,’ Y,)Df;”:m’(O, ¢; O) 1) (H- 35)
m'
D:um"((i’sru gsr-': YSF) =Z,D{"""(a " ISI; ')”) ,,,t mr(O, 9, 0) .
(1. 36)

Both of these relations are crucial for the evaluation of
the Franck—Condon factor, as detailed in Appendix A,
where we obtain for (f|i) the two equivalent convenient
forms

; 12
(fliy= [(ﬁz:%%ll—;-—l-)-] Gmf,é',;;Um’ | Lim'0)

XA A8)n Q)5 (Q1) | Ak d)n, (@10 Q@UL(BY)
(11.37a)

- 1/2
<f|i>=[(ﬁ§%f%l—)] GMﬁﬁ,;;(Jm’,lem’)
X h(8)4n(Q2)¥51(Q1) | dun(8 — ©)¥ny(Q1)4,,(QIVS(B))
(11. 3'Tb)

D. Simplification of Franck-Condon factors

The difficulty in evaluating the expressions (II.37)
arises because the three-dimensional integrals involve
functions which are expressed in both of the essentially
different coordinate systems associated with the bound
and dissociative surfaces. A transformation relating
the variables of the initially bound state of the system
(@4, @5, ) to the variables of the final state wave function
(@1, @4, 8) must be found, so that the integrals may be
evaluated in a single coordinate system, When this
transformation is introduced, it is found that the inte-
grals (II. 37) are nonseparable, providing an essential
difficulty in the theory.

For collinear dissociations, a transformation between
(@4, @.) and (@{, @4) has been previously derived?’s?%; now
in the full three-dimensional description it becomes
weakly dependent on 8. Similarly, Eq. (II.20) gives the
transformation between 6 and 6, and had we not approxi-
mated 7y, and 7,3 in Eqs. (IL.18) and (II. 24) by their
equilibrium values this transformation would be depen-
dent on the stretching coordinates (7y,, 7,;) [or alterna-

tively on (@, @,) or (Q{, @]

In the photodissociation of a triatomic molecule, which
is initially bound, Franck-Condon factors derive most
of their amplitude from a very localized region in space.
Thus, only a2 small range of @, @,, and 6 contribute to
the integral. Essentially, this is a result of the small
amplitudes of vibration of the molecule in its initially
bound state, Thus, although the relation between 6 and
6 does depend on the stretching coordinates, this depen-
dence is extremely slight because the root-mean square
displacements A7, and A7,y are much smaller than 7J,
and #J;. For all practical purposes it is sufficient to re-

M. D. Morse and K. F. Freed: Distributions from photodissociations. [1I

gard 7 as a constant, with the values of 7, and 7,, in
Eq. (IL 25) determined either by their equilibrium val-
ues in the bound state of the triatomic, or more accu-
rately by use of the @-centroid method. 3" The treat-
ment of the corrections due to these variations follows
the procedure given previously, 3

Similarly, the transformation between (Q,, @,) and
(Q{, @) is weakly dependent on &, but this variation may
be ignored since & is constrained to small values and the
first correction is of order 52, These arguments can,
of course, be made more precise, by separating the in-
tegrand into portions that are weakly dependent on vari-
ous variables, and expanding these parts in Taylor se-
ries as has been described in previous papers.* Such
a method then permits an analysis of the importance of
nonseparability on the rotational distributions in the
photofragments.

For the illustrative calculations presented here, such
a treatment is not warranted. Here we adopt harmonic
oscillator wave functions in the various normal modes
and thereby already introduce a small oscillation approx-
imation in the initial state of the molecule. In ignoring
these weak dependences of the initial-final state coor -
dinate transformation, we are simply invoking the same
small oscillation approximation again, Of course, in the
case of molecules undergoing large amplitude vibrations,
this could be an important source of error (as in, for
example, photodissociations of van der Waals complexes
like Hel,), and the fuller theory along the lines of Ap-
pendix B of Ref. 34 can then be used.

As has been demonstrated previously, * the evaluation
of matrix elements of wave functions in different coor -
dinate systems requires, in addition to the wave func-
tions themselves, an extra factor of the square root of
the Jacobian. Using the matrix C’ to transform (@}, @})
to (@4, Q,) ¥ and the approximations discussed above,
we obtain from Eq. (II.37a)

(fli)=|detC’ |V 5,G(v, &, 1, §, I)6 ;564 (I1. 38)

where the stretches ~translational factor is
Fo= [ dQi [ dQiui(@)us @i, @@ (I.39)

and the rotation-bending factor is

; 172
G(Vy k, l;],J): [@_2%%_’2?11_;:1_)] Z(Jm'lljm'O)'r]

x [ d6 6 db oVl (p0)8i6) . (11.40)
0
An equivalent expression, quite similar in form, is
readily obtained from Eq. (II.37b). The integral (II. 39)
for the stretches and relative motions is of the same
form as arises in collinear models of dissociation pro-
cesses, and it may be evaluated by the methods given by
Band and Freed.?"?8 It should be emphasized that their
method applies to larger polyatomic molecules in the
collinear model; it is the severe complications asso-
ciated with the description of the rotations and bends that
limits us here to triatomic molecules,

Hougen and Watson*! have shown that for small 6,
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A h8) < J| gy (J6), With J|, g a Bessel function. By
examination of the differential equation for d%,.(6), and
by making small angle approximations cosé =1, sing =86,
we obtain Bessel’s equation. We evaluate the propor -
tionality factor that relates d,J(K,(G) to its Bessel approxi-
mation by matching the first nonvanishing derivative at

6 =0, and this gives

' _ ! 1/2 N
dgxd8) =(J + )7 K [g—iﬁ—%%%;—,] Iy g-n (T +2)6)

for K'>K, (I1.41)
(J -KN(JT+EK)! ]“2

Ak ed8) = (= 1) + 1) #- K [Um

Xdy gxn((T+32)8), for K=K'. (I1. 42)

Using this small angle Bessel approximation, the
small angle formulas (II. 8) and (II.20) for ¢ and 6, re-
spectively, a standard integral [Ref. 43, (6.6333.2)],
and recursion relations for Bessel functions and
Laguerre polynomials, analytic results for the rotation—
bending Franck—-Condon factor (II. 40) have been obtained
(see Appendix B). The corrections due to the depen-
dences of the initial-final state coordinate transforma-
tions which have been ignored here can be evaluated by
previously described methods, 337

1. PHOTOFRAGMENT ROTATIONAL AND ORBITAL
ANGULAR MOMENTUM DISTRIBUTIONS

Equation (II. 38) shows that (f14) is a product of a vi-
bration-translation factor F, and a rotational-bending
factor G. When Eq. (II.38) is squared to obtain transi-
tion probabilities and a summation is performed over
the irrelevant quantum numbers (generally ) we obtain
a convolution of | Fy,1% and 1G1%, The factor | Fy,|2 con
tains the constraints of energy conservation, and there-
fore depends implicitly on J and j. The constraints of
angular momentum conservation, on the other hand, are
contained in | GI2. Because the probability distributions
are a convolution of |F,!% and | G|?%, it makes sense to
study them independently. As |Fj,!? has already been
estensively studied, 22844 we focus attention on the ro-
tational-bending factor |G|? and the effects of angular
momentum conservation in this section.

Expressions (II. 38) (1. 40) are particularly useful in
the determination of the probability distribution of or-
bital angular momentum !. Restricting attention to only
the |G| ? contribution, the summation of final j states
may be analytically performed, giving

" 2
P,(D=0+3m*Y [ fo daad{,m(na)d,{m(pa)w’:(c)] . (mn)
The actual distribution in I requires the retention of
| Fg,1? which is a function of j through energy conserva-
tion constraints. The approximation (III. 1) is useful to
illustrate the basic structure of |G|? that is independent
of the stretching and translational degrees of freedom.
For a complete description it is necessary to perform a
convolution involving |G1% and | Fz, 1% Often the depen-
dence of |Fy; (2 on j and 1 is weak enough for Eq.
(11.1) to be an accurate first approximation. Expressions
analogous to (II. 38)~(II. 40), derived from Eq. (II.37b),

4401

are more useful for obtaining the fragment diatomic ro-
tational distribution P,(i) since in this case dropping the
I dependence of F; enables the summation over final
orbital angular momentum to be analytically performed,
giving the approximation from | G|? alone:

o 2
P =+ [ [ a0s dtatnora,n - o)o)]

(111. 2)

Analytic expressions for Eqs. (III. 1) and (III.2) are given
in Appendix B.

The similarity of expressions (III. 1) and (III. 2) is
quite striking, and indicates that, apart from the omitted
energy conservation constraints, the angular momenta
j and [ enter the theory on equal footing, with the precise
distributions depending on the molecular geometry and
masses, through 7 and p.

It is well known that Bessel functions of high orders
have small amplitudes near the origin, When the Bessel
approximations (II.41) and (II. 42) are used in Eq.

(II.2), we obtain integrands involving J;,,, ((j + $)n6)
Xy pm (( +3)(n - p)8). Since the integrand is constrained
to small values of 6 by the 3%(5) term, we expect only
small values of |m!| and |2 -m!| to have important con-
tributions to the sum. Of course, for large j and J,
larger values of [m! and |2 —m/| begin contributing, but
these terms are only of significance when (j +4)n/«

= 1{ml and (J+2){n -p)/k> 1k ~m!. These conditions
involve the range of the bending vibration given by 1/«
and the fact that the first peak of J,(x) falls at x>m.
Since 1, p<1 and « is typically 4-7, these contributions
are appreciable only for j>6|m|, J>6lk-ml|. Since
we are generally interested in only low-lying excitations
of the bending mode, % is usually small, and under these
conditions the J and j dependent prefactors in the Bessel
approximation are close to unity [e.g., for J=30, k=2,
k' =" the prefactor of Eq. (II. 41) is 0,941], Thus, the
only significant J dependence in Eqs. (III.1) and (IM.2)
occurs in a Bessel function J,, ,,;((J + 3)pd) for Eq.
(IM.1) and Jy,.,,((J + 3)(n - p)8) for Eq. (II.2). Conse-
quently, we expect the orbital angular momentum dis-
tribution P,(I) given by Eq. (III.1) to be nearly identical
to the diatomic rotational distribution P,4(j), which is
obtained at a value of J*=J[p/(n - p)]. Indeed, this is
precisely what is found in explicit numerical calcula-
tions using Eqs. (IT.1) and (II. 2) (see Figs. 3-12).

A. Distributions arising from nonrotating initial states

When J=0, k=0 the only value of m contributing to
Egs. (III.1) and (III. 2) is m =0. This simplifies the ex-
pressions considerably and permits us to obtain simple
analytical results in these cases. However, for excited
bending modes with vibrational angular momentum, the
lowest possible value of J is given by J=~F, and the in-
tegrals of Eq. (III.1) and (II.2) do not simplify. How-
ever, using the Bessel approximation introduces the
Bessel functions J| ., ((J + 3)pd) and J,,.,.,((7 +3)(n ~ p)5)
into the integrands. To consider the nonrotating limit
of states with vibrational angular momentum, we set
J=k. Since p, n - p<1 and since the range of 6 is 1/k,
the only values of m that contribute significantly are
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FIG. 3. Angular momentum distributions for HCN photodisso-
ciation (p=0.15268, 7=0.63178, k=4.1763) from the |G |?
term alone. Solid lines indicate quantum probability distribu-
tions for diatomic CN rotational angular momentum j. The
classical value is indicated by a. Dashed lines indicate quan-
tum probability distributions for orbital angular momentum 7.
The classical value is indicated by A. These results are for
HCN initially in its v=0, k =0 bending state, for various values
of total angular momentum J.
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FIG. 4. Same as Fig. 3 but for HCN initially in its v=1, k=1
bending state. Note that this calculation utilizes only the k=+1
state, which is not one of the parity eigenfunctions (linear com~
binations of ==1).
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FIG. 5. Same as Fig. 3 but for HCN initially in its v=2, k=0
bending state,
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bending state. See note on Fig. 4.
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These distributions for the case of nonrotating initial
states are precisely the same as the distributions we ob-
tained in earlier work, * in which the effects of dynami-
cal axis switching are neglected. All the conclusions,
reached in our earlier work® for nonrotating initial
states, are thus unchanged. For example, we still cal-
culate that for nonrotating initial states, the average
fragment rotational energy (E,) and root-mean square

deviation from this average o(E,) = ((E%) - (E))!/? are
2
<E,>=’%f—(v+1), (1. 5)
2 2 1/2
U(E,):’iﬁl,g_<%+u+1> . (1I1. 6)

Thus, large amplitude bending vibrations, where « is
small, partition relatively little energy into rotations,
while stiff bending modes, with correspondingly larger
values of k, partition more energy into fragment rota-
tion. This is readily explained® in terms of the Heisen-
berg uncertainty principle.

Another important aspect of the nonrotating limit is
the result that the rotational distribution P ,,(j) for the
ground bending state is precisely a Boltzmann distribu-~
tion, with an “effective temperature” of T'= Bk?/kn?,
where B is the diatomic rotational constant and % is

o] 10 20 30 40 50 60
jorl
FIG. 7. Same as Fig. 3 but for HCN initially in its v=4, k=0
bending state.

those for which J, ., ((k +2)p/k) or Jyp (& +3)(n - p)/k)
is appreciable. For k<2, p and  —p less than 1, and
k~86, we should consider J,.,,(x) where x is less than
0.4. A glance at tabulated values of Bessel functions
shows that the contributions are dominated by the term
m =Fk, for which we approximate J,,_((k +3)p5)
=Jypm((E+3)(n - p)8)=1. This enables us to obtain
simple analytic approximations for Egs. (III.1) and

(I1I. 2) in the nonrotating limit.

Under this limit expressions (Ifl. 1) and (III. 2) reduce
to the same form, namely,

- 2

P D=+ | [ avodymonio)| . (m.3)
0

This arises by omitting all terms in Eq. (III. 1) except

m=Fk, and setting d%,(p5)=1 (small angle approxima-

tion). Adopting the Bessel approximation and utilizing

a standard integral [Ref. 43, (7.421.4)] we obtain

v —k 10 20
ol (252,
P I u( D=(21+ 1)(}—2-) _—V-:T- FIG. 8. Angular momentum distributions for ICN photodissocia-
(l—k)!( )! tion (0=0.71953, 7=0.76172, x=6,80599) from the |G!? term
2 alone. Solid lines indicate quantum probability distributions for

) N2 ) " diatomic CN rotational angular momentum j. The classical
% [Lk (n (I+3) ] e N4l +3) (ILL 4 value is indicated by a. Dashed lines give quantum probability
v-rl2 K2 e K2 : -4) distributions for orbital angular momeptum {. The classical
value is indicated by A. These results are for ICN initially in
The analogous nonrotating limit for P.rm,n(j) is given by its v=0 & =0 bending state, for various values of total angular
replacing ! by j in Eq. (III. 4). momentum J.
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FIG. 9. Same as Fig. 8, but for ICN initially inits v=1, 2=1
bending state. See note on Fig. 4.

Boltzmann’s constant. This distribution is calculated
without any thermal averaging over initial states, and
without any assumptions of enevgy randomization during
the photodissociation process. It arises solely from the
Franck—Condon factors which govern the process, and
would be changed slightly if an anharmonic initial state
wave function were used. Furthermore, even in the
photodissociations of nonrotating but vibrationally ex-
cited molecules, the calculated rotational distributions
exhibit the same Boltzmann form, but are multiplied by
a polynomial function of j. Thus, it is not surprising
that photodissociation experiments on rotationally cold
molecules should give near-Boltzmann fragment rota-
tional distributions.

B. Distributions for rapidly rotating initial states (large
J limit)

The phenomenon of dynamical axis switching may have
a considerable effect on the photofragment rotational and
orbital angular momentum distributions for molecules
which are rotating, however. In order to assess the ef-
fects of molecular rotation on the orbital angular mo-
mentum and rotational distributions, we consider the
limit of large initial angular momentum. As shown in
Appendix B, the distributions P,(l) and P,(4) given by
Egs. (III.1) and (IM. 2) are very complicated functions,
in general, involving modified Bessel functions and

M. D. Morse and K. F. Freed: Distributions from photodissociations. |11

Gaussians of the form

142 2 132 27 ( 1 1 2
oxp [_ (T +32)n +(J +3) D]{I’[(l"‘z)(:(fz*'z)ml]} )

KE

If J is sufficiently large, we may take the asymptotic
limit of the modified Bessel function, which is given as
[Ref. 43, (8.451.5)]

o« &xp(z)

=,

Thus, for sufficiently large J, the distribution P (1) is
governed by a factor of the form

1,(2) (I11. 8)

1
exp - 4L+ -7+ oF} (m.9)
multiplied by a complicated function that is less sharply
peaked. In the large J limit, we expect the distributions
P,(1) to be centered about I*=(J +3)(p/n) - 5.

These results are indeed obtained in explicit numeri-
cal calculations using the explicit expressions of Ap-
pendix B for Eqs. (III. 1) and (III.2). In fact, these con-
clusions correspond to the classical limit for sudden
axial recoil photodissociation from the equilibrium con-
figuration. We consider a rigid, linear triatomic mole-
cule, rotating with angular momentum (J + 3)%. This
specifies an angular velocity w given by w = (J + $)i/I,,
where I; is the triatomic moment of inertia. If we sud-

0.08
0.06
0.04
0.02
000
008
0.06
0.04
002
000
0.08
ooef*
0.04
0.02
0.00
0.08
oosf
004
002
000
008
0.06
004
0.02
000

PROBABILITY

40 50 60 70
jorl

FIG. 10. Same as Fig. 8, but for ICN initially in its v=2, k=0
bending state,

J. Chem. Phys., Vol. 74, No. 8, 15 April 1981

Downloaded 25 Mar 2003 to 128.110.196.147. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpol/jcpcr.jsp



M. D. Morse and K. F. Freed: Distributions from photodissociations. |1}

denly break the bond connecting atoms 2 and 3, and al-
low the atoms to depart without change in their momen-
tum, we obtain diatomic rotational angular momentum
(j +3)i=wI,, where I, is the moment of inertia of the
diatomic molecule. Thus, the classical result is

1

I
F=U+aE -5
I

.10
3 (111, 10)

Similarly, the classical value of orbital angular mo-
mentum works out to be
I, 1

I.—
reehizl o

- 3 (Im.11)

With p and 7 determined through the small angle approx-
imation as Eqgs. (II. 19) and (IL. 25), it is found that I,/I,
={n -p)/n and (I;-1,)/I;=p/n, so in the limit of high J,
the classical results are obtained.

C. Numerical calculations

Figures 3-12 present plots of the approximate dis-
tributions P,(1) and P ,(;) based on the | G|? factor alone
for various initial bending states »* for HCN and ICN at
a series of values of total angular momentum J. The
classical predictions for j and [ are also indicated, and
the approach toward the classical limit is evident as J
increases.

In the case of photodissociations from excited bending
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FIG. 11. Same as Fig. 8, but for ICN initially in its v=3, k=1
bending state. See note on Fig. 4.
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FIG. 12. Same as Fig. 8, but for ICN initially in its v=4,
k =0 bending state.

states, considerable structure is displayed in the rota-
tional distributions. This arises from the presence of
nodes in the bending wave function. Such structure may
be difficult to measure experimentally, since it may be
washed out by the variation of FZ, with j and {, by the ef-
fects of thermal averaging over the total angular mo-
mentum o in the initial bound state of the triatomic mole-
cule, and by the averaging due to final state interactions.
There are specific cases, however, such as ICN, where
the dependence of the rotational distribution on the ini-
tial J state of the molecule is so slight that thermal av-
eraging over J does not affect the rotational distributions
noticeably. Such molecules, having extremely heavy
atomic fragments, are appropriate examples to study if
the predicted nodal structure in the rotational distribu-
tions, arising from excited bending modes, is to be ex-
perimentally verified. Even in these cases, however,
the effects of the variation of | Fy,|? with j and I and of
final state interactions may remove much of the struc-
ture in the predicted | GI? factor distributions. It is the
effects of the final state interactions which are most un-
certain at this point, since the variation of the | F,|?
factor may readily be incorporated using the methods
developed in previous works for its evaluation, 272844

IV. PHOTOFRAGMENT ANGULAR DISTRIBUTIONS

Experimental methods for the measurement of photo-
fragment angular distributions were developed in the
late 1960’s by Bersohn and co-workers, >33 and refined
by Wilson®~%" and Diesen.* It is expected that further
refinements in experimental technique will provide con-
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siderably more detailed information about photofragment
angular distributions in the near future. Specifically, it
is hoped that angularly resolved laser -induced fluores-
cence studies will enable the determination of state-to-
state photofragment angular distributions. This tech-
nique has successfully been applied to measure state-
analyzed angular distributions in chemical reactions by
Zare and Dagdigian. 1*~%! With this possibility in mind,
we calculate the state-to-state photofragment angular
distributions for linear triatomic molecule photodisso-
ciations, using many of the results of Sec. II.

A. Theory

For weak radiation fields, the transition amplitude
from initial molecular state { to final fragment state f
is given in dipole approximation (as shown in Appendix
A) by

<flvli>=;<—1w,.<¢,(x, 6>|§3x,u..
(F/Q) | DL, B, 7) | ¥,(Q)) .

In this expression we have used Born-Oppenheimer wave
functions for the initial and final states, a dipole approx-
imation to the matter —radiation interaction Hamiltonian,
and the Condon approximation. Electronic wave func-
tions are denoted by ¢.(x,Q) and ¢;(x,Q), where x are
the electronic coordinates in the body -fixed system, and
Q denotes the nuclear coordinates. The bar over the Q
in (¢4(x, Q)| T, x,yn! $;(x,Q)) indicates that this electronic
mairix element is to be evaluated at some averaged
value of nuclear coordinates, perhaps specified by the

@ -centroid method.?” Nuclear wave functions are speci-
fied by ¥,(Q) and ¥,(Q), and (a, B,y) are the Euler angles
of Sec. II which specify the orientation of the equilibrium
axis in the bound electronic state.

d)i (X, Q))’

(Iv.1)

The initial state wave function of Eq. (IV.1) is identi-
cal to that of Eq. (II.3), since we are interested in the
angular distributions arising from well-defined states of
this form. On the other hand, Eq. (II.7) cannot be used
for ¥,, because we wish to consider transitions to states
having only outgoing waves in the direction specified by
@, ¢).

The imposition of the correct boundary conditions on
¥, introduces an apparent paradox whose resolution is
somewhat subtle. On the one hand, ¥, should be a pure
outgoing wave, with no incoming flux, since this corre-
sponds to the physical process of photofragmentation.
On the other hand, matrix elements such as Eq. (IV.1)
only make sense if ¥, is regular at the origin. No solu-
tion ¥, exists which is both a pure outgoing wave and is
regular at the origin.

This problem has been carefully investigated by Band,
Freed, and Kouri, *° who have set up the photodissocia-.
tion problem by explicitly considering the full Hamilto-
nian with coupling between the initial and final states.
To lowest order in this coupling, they find that the dis-
sociative wave function possesses only outgoing waves,
but the amplitude of each outgoing wave is given by a
matrix element involving the standing wave solution
which is regular at the origin.

The appropriate wave function for use in evaluating

M. D. Morse and K. F. Freed: Distributions from photodissociations. (11

this amplitude Eq. (IV.1) is*’
vHQ) = {’Z:ll e 15 (@)Y 1, (Bsr, dsr)
"

x¥7,(8, &)} Y (8, a)9,(Q1) (1v.2)
where we have assumed that the final molecular state
possesses no electronic angular momentum. In Eq.
(IV.2) ¢5,(Q,) is the regular standing wave solution, with
phase shift &, determined by the asymptotic requirement
’ 1 . I

Ve Q1) ~ ’};Q—; sm(kQ{ -3 +6;> . (Iv.3)
Pursuing the asymptotic analysis for the two surface
problem results in the asymptotic behavior of the upper
surface wave function as*’

. A irQ}
¥,8, $)~ %ﬂiy,mw' )4, (QDEFQ) | V| ¥,@Q) ,

(Iv.4)

where ¥f(Q’) in the matrix element of Eq. (IV.4) is the
regular solution Eqs. (IV.2) and (IV.3), while the physi-
cal wave function (IV.4) contains pure outgoing waves in
the (8, ¢) direction. The photodissociation angular dis-
tribution is obtained as the modulus squared of the coef-
ficient of (@)™ exp(ikQ7)y,(@)Y,.(8 @) and the detailed
analysis is given in Appendix C.

Photodissociations involving nonzero electronic angu-
lar momentum are considerably more difficult to treat,
and are not completely understood even in the case of
diatomic molecule photodissociation. Hence, for the
remainder of this section we consider only cases involv-
ing no electronic angular momentum both in the initial
and final states. Under this limitation, electronic selec-
tion rules limit Eq. (IV.1) so that only contributions
from M'' =0 occur.

As described in Appendix A, the index g denotes the
state of polarization of the incoming photon. For lin-
early polarized light =0, and the z axis is taken to be
the direction of photon polarization, The angles (8, )
are measured relative to the direction of polarization.
Circularly polarized light propagating in the z direction
corresponds to g=+1, and the angles (6, ¢) are now
measured relative to the axis of propagation of the light.
Experiments are usually performed with light of well-
defined polarization, so we drop the sum over g in Eq.
(Iv.1) and consider only the case of well-defined photon
polarization. Thus, the probability of obtaining photo-
fragments at position (8, ) in states specified by j, m,
and n, is given by the golden rule

Iﬂ(ay Q'{)) = leqX()lZ R\I’f(Q) ’Di:(a, B, ¥) [‘I’{(Q» [2 B
where

Xo=<¢f(xa Q)‘ zj:x,«o | (%, Q. (1v.5)

Considerable amounts of angular momentum algebra
and rotation transformations® % may be performed on

Eq. (IV.5), as detailed in Appendix C, to obtain the rela-
tively simple form
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where the internal portion of the transition amplitude is

T sgume = V(@D ¥n(Q3) dine (0 = p)0) | Al s(n8)4, (Q1)¥n, (QIV(S))

Here W(I'LJ"'J';nj) is a Racah coefficient, 45 (} ') etc.
are 3 —j symbols, % and P,(cosf) is a Legendre poly-
nomial, ** Equation (IV.6) is derived from Eq. (IV.5)

by summing over fragment diatomic molecule m sub-
levels and by averaging over the M sublevels of the ini-
tial state of the triatomic molecule. These quantum
numbers are rarely determined in experiments, since
magnetic fields are required to remove their degener -
acy. Some information may be obtained by measuring
the polarization of radiation emitted by the photofrag-
ments, and the present theory could be readily extended
to calculate these polarization properties. However,

we restrict ourselves to cases where magnetic sublevels
are not resolved in order to greatly simplify the form of
Eq. (IV.6).

Several general features of photofragment angular dis-
tributions are now apparent in Eq. (IV.6). First, the
distributions show no dependence on the angle ff) This
is of course to be expected, because the system under
study is cylindrically symmetric. Consider a gas of
randomly oriented molecules (all M sublevels equally
probable) which is photodissociated into fragments by a
photon with a well-defined axis of polarization or propa-
gation, The orientation of the fragments is of no inter-
est to us (the M sublevels are unresolved), so there is
nothing in the problem to make one value of 65 different
from any other, and of course there can be no J) depen-
dence in the result.

The 3 —j symbol (31 !) in Eq. (IV.6) serves to limit «

~“qq

]

-q q/\0 m" -m

Jtikm® TJ" Jhm*
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Z ,L'll-xei (ﬁ;-o,')(21+1)(2l/ +1)(2n+1)(2JI+1)(2JII +1)P"(cos§)(_1)n+j~m,+m~0q+J-J-+J:.

nfam j J’

r

(1v.8)

av.mn

to the values 0, 1, or 2. This is a characteristic of the
treatment of the interaction as a first-rank tensor, or
dipole, coupling. In general, !® interactions involving p-
rank tensor couplings with randomly oriented initial
states and products whose orientations are of no inter-
est limit » to values of 0,1,...,2p. Thus, for example,
a two-photon photodissociation or photoionization yields
contributions to the angular distributions with values of
n ranging from 0 to 4.

In order to simplify Eq. (IV.6) further, we consider
the case of relatively high photofragment translational
energy. Under these conditions y,(Q}) varies only
weakly with I, and this dependence is neglected. Fur-
thermore, in the high-energy limit, the I dependence of
the phase shifts §, is of the form

In
51~?_C »

where C is a constant dependent on E, but not /. Most
photodissociation experiments involve high enough en-
ergies to make these approximations valid, often with
several thousand wave numbers of energy released into
translation. The relatively infrequent case of a direct
photodissociation just above threshold requires the use
of the full Eq. (IV.8).

The relatively simple dependence of Eq. (IV. 6) on I
and !’ permits the sums over 1, I’, and m'’ to be evalu-
ated in this high-energy limit (see Appendix C), and in-
tegration over all values of J) may be performed to ob-
tain the high energy angular distribution

(1v. 8)

1,4(6) = leqxolz(zj + 1) 2 (20 +1)(20 +1)(2"" +1)P,(cosB)( = )™+ /=7 (1173 n)

4

J'J'
m'n

J 1 J
0 —-q g/\k O

n 1 1 J 1 g g

-kf\k O

X !
-k \o-m

JI

t] Tastme T g - (1v.9)

Since x is restricted to 0, 1, and 2, it is readily apparent that Eq. (IV.9) may be written in the form

14(8) =1,[1 + aP,(cosd) + B Pycoshd)] .

(1v.10)

It is the state-to-state values of o and g that we wish to examine now.

B. Results

Figures 13-15 display the calculated values of the co-
efficient 8 of Eq. (IV.10) for state-to-state photodisso-
ciation of HCN. The calculations are performed using

r

the high energy limit of Eq. (IV.9), assuming linearly
polarized light (g =0) and a transition dipole parallel to
the principal axis of inertia. The high energy limiting
form (IV.9) corresponds to the “axial recoil” limit of
Zare, ® since so much energy is released that the direc-
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FIG. 13. State-to-state photofragment
10p yk = OO -+ yk - 20 T yk= 40 N angular distribution coefficients 8 for
o8k 4 4 i HCN (p=0.15268, 7=0.63178, k=4,1763)
o6 + 1l . in the high energy limit. These angular
ﬂ distributions are for HCN initially non-
04r T T b rotating (J=0), in bending vibrational
a2t 4 4 1 states =00, 20, and 4%, producing CN
ook i 1 “ J fragments with rotational quantum num-
ber j.
_Q2 o . -t - T
-o04f + + ]
—Q6F + + 4
-os8} + +
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tion of recoil of the departing fragments is along the axis
connecting their centers of mass. Zare® predicts that
under these conditions, for a parallel transition and lin-
early polarized light, g=2.

A quick glance at Figs. 13-15 show that although 3

18 1
16
14
12

0 10 20 30 40 50 60 70

FIG. 14. State-to-state photofragment angular distribution
coefficients 8 for HCN (p=0,15268, 1=0.63178, k =4, 1763)

in the high energy limit, for various states of total angular
momentum J. Bending—vibrational states ¥*=0°, 2%, and 4°
are indicated by solid, dashed, and dotted lines, respectively.
The classical value of fragment rotational quantum number

j* is indicated by a.

approaches 2, there can be considerable deviation,

especially for nonrotating initial states of the molecule.
For example, for HCN initially in its +*=2%, J=0 state
we calculate g for CN rotational state j=6 to be ~0.94!

40 50 60

FIG. 15. Same as Fig. 14, but for HCN initially in its v*=1'
and 3! bending states. See note on Fig. 4.
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This is a considerable departure from the axial recoil
model.

Another feature of these state-to-state angular dis-
tributions which we observe is that as J becomes very
large, the state-to-state angular distribution coefficients
B ,( j) become nearly symmetric about the classical value
j*=[(n - p)/n}J, which is indicated by triangles in the
figures. Near this value of j, 8,(j) is close to its clas-
sical, axial recoil value of 2, but undergoes oscillations
as a function of j (for excited bending modes), then de-
cays away from 8=2 as |j —j*| increases.

In Sec. III, we demonstrated that j* is the preferred
classical value for the photodissociation of a rigid (non-
bending) triatomic molecule. As such, it corresponds
to the case of axial recoil (as discussed by Zarea), so
the B(j*) =2 results are readily understood. As j begins
to depart from j*, however, the angular momentum de-
fect |j —j*| must be taken up in orbital motion. This
requires an off -axis recoil, leading to increased isot-
ropy of the angular distribution, and this is the cause
of the decay of 8(j) from the value 8=2 at large {j -j*i.

A comparison of these plots of 8,(j) and the photofrag-
ment rotational distributions P,(j) for HCN (Figs. 3-17)
shows that the extreme departures from axial recoil for
J =0 occur at nodes in the probability distribution P J( IR
and thus are seldom to be observed. Furthermore, even
the oscillations in 8,(j) for J greater than zero corre-
spond to oscillations in P,(j), with the largest depar-
tures of 8,(;) from the axial recoil limit occurring with
relatively lower probability.

We have also performed similar calculations for the
photodissociation of ICN, but a graphical portrayal of
the results is unnecessary. The calculated values of
B,(4) for ICN are between 2.0 and 1.96 for all values of
J and j except at isolated nodes in the distributions
P,(j). The general shape of the curve g,(j) is found to
be the same as that for HCN, except all the oscillations
and large |j —j*| decays are much smaller.

It is evident, then, that deviations from the axial re-
coil limit are much larger for HCN than they are for
ICN. We can understand this in terms of a semiclassi-
cal theory of photofragment angular distributions de-
veloped by Bersohn and co-workers, 46+4%5%51 1p thig
work Bersohn has shown that g is given by

B=2 P,(cosy) (Iv.11)

for parallel transitions, where x is the angle between
the transition dipole moment and the axis giving the di-
rection of departure of the fragments. For axial recoil,
the fragments depart along the line connecting their cen-
ters of mass. If a molecule is constrained to be linear,
this recoil direction would always be coincident with the
molecular axis, and hence the transition dipole (for
parallel transitions). As a linear triatomic molecule
undergoes bending vibrations, however, the equilibrium
principal axis of inertia (which we are considering to be
identical with the transition dipole axis) deviates from
the line connecting the fragment centers of mass. In
fact, Fig. 2 shows that the angle x between these two
axes is given by

4409

TABLE I. Comparison of averaged values
of B by the weighted average of Eq. (IV.9)
to the value given by Eq. (IV.15).

Molecule Eq. (IV.9) Eq. (IV.15)
HCN (09) 1.961 1.961
HCN (1Y) 1.923 1.921
HCN (29 1.886 1.882
HCN (3 1.849 1.842
HCN (4% 1.814 1.803
ICN (0% 1. 99989 1.99988
IcN (1Y) 1.99977 1. 99977
ICN (29 1.99966 1.99965
ICN (3) 1.99954 1.99954
ICN (4% 1.99943 1.99942

X=6-¢=(n-p)5. (Iv.12)

Thus, if we consider the molecule to be undergoing bend-
ing vibrations, we expect the average value of 8 to be
given by the expectation value of 2 P,(cosx). Small am-
plitude vibrations enable the use of the small angle limit
in which this average yields

B=2-3(n-p)¥s? . (1v.13)

A calculation of {56% is trivial for a harmonic oscilla-
tor. Application of the virial theorem yields

v+1

®)=—3 (Iv.14)
so Eq. (IV.13) becomes
2
3:2_3("K;") (w+1). (1v. 15)

We have calculated average values of 8, weighted by the
probabilities P,(j), for various values of v, %, and J
for both HCN and ICN. The results are remarkably in-
dependent of J. Table I shows a comparison of the cal-
culated averages and expression (IV.15) for HCN and
ICN in various initial bending states. The degree to
which the two calculations agree is excellent, and indi-
cates that Bersohn’s formula is quite useful, even for
the consideration of molecules which are undergoing
bending vibrations provided the recoil direction is rein-
terpreted as arising from the molecule at its rms bent
configuration.

Equation (IV.15) also enables us to guess what mole-
cules will be likely to exhibit large deviations from the
axial recoil limit 3=2, simply from a knowledge of their
masses, bond lengths, and bending vibrational fre-
quency. Specifically, molecules with large amplitude
bending motions (small ) and light fragment atoms rela-
tive to the diatomic fragment (large 7 — p) dissociating
from excited bending states (large v) can be expected to
give the largest departures from the purely axial recoil
(=2) limit. With Eq. (IV.15) in hand, and a knowledge
of the parameters 5, p, and « for ICN, it is apparent
that the angular distribution coefficients g8,(;) for ICN
are totally uninteresting. Of course, Eq. (IV.15) is of
no use in predicting the precise oscillations of the 8,()
curves.

Throughout this section, we have made one assump-
tion, which should be spelled out quite clearly, We have
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assumed that as the molecule bends, the transition dipole
vector remains directed along the principal axis of the
instantaneously bent molecule, In fact, as soon as the
molecule is bent, the rigid selection rules defining par-
allel and perpendicular transitions break down, and
transitions must be reclassified according to whether
the transition dipole lies within the plane of the instan-
taneously bent molecule, or is perpendicular to it.
There is nothing inherent in the theory as we have pre-
sented it which makes this assumption necessary. In
fact, we could express the transition dipole in a coor-
dinate system rotating with the principal axes of the tri-
atomic molecule as an explicit function of 6 (and pos-
sibly @4, @), and then carry out all the required inte-
grals. For small amplitude vibrations the resulting ex-
pression for the electronic matrix element could readily
be expanded in a Taylor series about § =0, and this se-
ries then would be rapidly convergent. The correction
terms arising from nonzero powers of 6 are generally
expected to be small. We have simply chosen the model
in which the transition dipole is always directed along the
principal axis for purposes of definiteness.

As this juncture, a few more comments regarding
Eqs. (IV.9) and (IV.10) are appropriate. Up to this
point we have considered only photodissociations induced
by linearly polarized light (3 =0). Expression (IV.9)
shows a dependence on the nature of the excitation, and
it is readily shown that the coefficients g8 obtained for
circularly polarized light (g =+1) are related to those
obtained for linearly polarized light by

(Iv.16)

In addition, despite the form of Eqs. (IV.9) and
(Iv.10), we have as yet said nothing about the aP;(cosb)
term in Eq. (IV.10). This is because, in practice, it is
never observed. For k=0, consideration of the 3 —j
symbols (7 3%) and (7,3 %) and the dependence of T yujpme
on the sign of m' shows that « =0, For k+#0, a can take
on nonzero values, but the value of a for a positive & is
exactly the negative of that of a for negative £. Thus,
for a sample with the degenerate states k= | k! equally
populated, no net value of o can be detected. If I-type
doubling is considered, the degeneracy of k=1 1k! levels
is lifted, and linear combinations of the wave functions
corresponding to definite signed values of 2 must be
used, of the form

1
Bq:*j_ = - Eﬁqao .

w:WI-(Ik)tl—k)), (Iv.17)
to evaluate a. State selection of these even or odd parity
states is difficult (although possible in principle in a
double resonance experiment). In any case, it may be
readily shown that in the absence of state selection, no
nonzero value of @ is obtained, even if the other quan-
tum numbers J, v, ny, n,, n, and j are state selected
and state analyzed.

V. CONCLUSION

Using rigid rotor harmonic oscillator basis functions
to describe the initially bound state of a linear triatomic
molecule and rigid, free rotor-harmonic-oscillator
basis functions with a wave function to describe unbound

M. D. Morse and K. F. Freed: Distributions from photodissociations. 111

states of the molecule, we have constructed a Franck-
Condon theory of linear triatomic molecule photodisso-
ciations. These Franck—Condon factors enter promi-
nently in the full theory of Band, Freed, and Kouri!’
which includes inelastic scattering on the unbound sur -
face. The Franck-Condon factors have wave functions
expressed in terms of the essentially different nuclear
coordinates of the initial bound and the final dissociative
potential energy surfaces. Nevertheless, these Franck-
Condon integrals have been reduced to one-dimensional
integrals, so the problem has been made analytically
tractable,

We have investigated the case in which scattering
events on the unbound surface are of negligible impor -
tance, and have shown that the small deviations of the
diatomic axis from the equilibrium axis of the bound
triatomic molecule can profoundly alter the calculated
rotational, orbital angular momentum and angular dis-
tributions.

This effect, which we have termed dynamical axis
switching, is unimportant for small values of total angu-
lar momentum J but becomes significant as J increases.
It is also relatively less important for light atomic frag-
ments, and becomes larger as the fragment atom in-
creases in mass relative to the mass of the diatomic
fragment. The parameter p of Eq. (II.19) (0=p=1) and
the triatomic angular momentum J determine the magni-
tude of the dynamic axis switching phenomena through
the combination (7 +3)p. As (J+3)p—~0 dynamic axis
switching effects vanish, and these effects grow with
(7=13%)p.

For high J, we have shown that the rotational -bending
Franck-Condon factor alone predicts rotational and
angular momentum distributions peaked about the clas-
sical values I* and j*, but exhibiting structure arising
from the nodes in the bending wave function for the ini-
tially bound state of the molecule. The structure of
these distributions is quite analogous to the results of
the previous theory which ignored the dynamical axis
switching, provided distributions arising from an initial
total angular momentum J are compared to distributions
arising from an effective total angular momentum J*,
which is determined by the dynamical axis switching
phenomenon.

We have calculated state-to-state photofragment angu-
lar distribution coefficients 8, and have demonstrated
that in the high energy limit, the axial recoil approxima-
tion is usually valid. In particular, g for production of
diatomic fragments in the classical rotational state
specified by j* is close to the axial recoil limit for par-
allel transitions of 2. As j deviates from j*, increased
isotropy in the state-to-gtate angular distributions arises
because the angular momentum defect |j —j*| prohibits
purely axial recoil.

Furthermore, we have shown that the state-averaged
angular distributions deviate from the classical axial re-
coil value p=2. This result is a consequence of the fact
that the vibrating linear molecule is bent on average,
and the angle x between the transition dipole and disso-
ciation direction has a nonzero root-mean squared aver-
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age value. Thus, Bersohn’s semiclassical formula 8
=2 P,(cosx) has been verified for molecules undergoing
bending vibrations, provided the expectation value of
P,(cosy) is used, rather than its equilibrium value,
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APPENDIX A: TENSOR AND ANGULAR MOMENTUM
ALGEBRA FOR LINEAR TRIATOMIC MOLECULE
PHOTODISSOCIATIONS

I. Direct photodissociation using a first-rank tensor
coupling operator

Using Born-Oppenheimer wave functions for the ini-
tial and final states, the golden rule of time dependent
perturbation theory, and a dipole approximation to the
matter ~radiation interaction Hamiltonian, the required
matrix element {f| V|4) for direct photodissociation is

(flvid= <‘I';(Q')é - {¢(%,Q") 1};r, | ¢ (x, Q). w,(Q)> ,

(A1)

where & is the polarization of the photon, x are the elec-
tronic coordinates in the body-fixed system, and r are
the electronic coordinates in the space-fixed system.

By expressing € and r, in spherical components with
basis vectors i@,y =% (i, +ia,)/V2, #y=1, (4, @, i, de-
note unit vectors), we obtain

1
(flvin= ; (-1)72 (¥,4Q") ]

x(¢(x, Q) lZm | 6 (x, Q) [ ¥, @) . (A2)
Now, 7,, is a spherical tensor of the first rank. It
transforms according to well-known rules under rota-
tions Ref. 59, Eq. (4.5). Under the conventions of Brink
and Satchler, a rotation by the Eulerian angles (-v,

- B, - ) takes the space-fixed coordinates into body -
fixed coordinates, so

|

(21 +1)(2§ +1)]“2

Q)= h(@va(ep [P £ )

umm'*J*
P

X' 1 +m | Gum) T m” ,ljm”O)Dum, e’y 8, v D} £0,8,0) .

Use of Eqs. (A7)-(A9) and (Al1l) in Eq. (AS6) thus produces

2 (Int|tjum)

4411

1
Slvl=2, <-1)«eq:4;<w,<q'>;D:,..,<-y, -8, -a)

qa-1

X (¢f(x’ QI) I iju" | ¢‘(X, Q»x | ‘Ill(Q» ? (A3)
7]
where Dy, are the well-known rotation matrices. In-
voking a Condon approximation yields
1

V=22 (= 1)%, 2 (AQ") | Dw(~7, — B, ) | £,(Q)

=1 M

X0y, Q) 2ty | 64, Qs (A%)

The subscript g indicates the polarization of the in-
coming photon. Circularly polarized light in the x—y
plane has g=11, while ¢ =0 corresponds to light po-
larized in the z direction. Similarly, M’'' =1 for a per-
pendicular transition. We adopt the notation

Xy =(04(x,Q’) |;xm~ [ & (x, Qg (A5)

VA = (¥ Q") | Dywe( =7, - B, - @) | 1,(Q)) . (A8)

In this derivation we consider only states of zero
electronic angular momentum, thus avoiding problems
of the coupling of A (or ) to &, and questions of the ap-
propriate quantization of electronic angular momentum
in the products. We use expressions (IL.3) and (II. 7)
for ¥; and ¥,, respectively. Noting that

D}Jﬂq("y) -8, - a) =D::"(a7 8 ')’)

[Ref. 42, Eq. (4.21)] and utilizing Eqs. (II. 35) and
(I1. 36) to convert (a, 8,7) and (¢sr, fsr, Ysr) to (@', 8',7")
and 5, we obtain

(A7)

1/2
2@=(220" @u@ne

X2 Dime (@', 8,7 k0, 6,0) , (A8)

; 12 ..
(@) =4(@0ar@) 2G5 Gy

XD,I’::)(QI, 3’, YI)DL’:H"(Q', B,) Y’)D(I)m‘(o’ 9’ 0), (Ag}
1% _ 1% 1 oqr vl
Dok, B,7) =2 Divake’, ', 7')Dlyupud0, 6,0) . (AL0)

The Clebsch—Gordan series for rotation functions®? may
be substituted into Eq. (A9) to yield

(al1)

vie= Z (3117I| LGum)J'u +m | Gum)S'm’’ | Lim'’0) [(
smm’
m.m.lJ'

% [0D7 ' e (D) DY) DALY (@D @)l (6) | el 8) | d )4, (@ @2IWA(E) -

21 +1)(25 + 1)(27 + 1)]“2

872(dn)?

(A12)

Utilizing well-known expressions for integrals of products of D functions, and sum rules for Clebsch-Gordan coef-
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ficients, ¥ we obtain

Van E <jm// 'ljmnoij +q|1JqM)(jm" | 1m''m")

m'm®m™

[(21+ 1)(2j +1)(27 +1
2(2J + 1)
Further use of the Clebsch-Gordan series in {A13) and a Clebsch—Gordan sum rule*? then yields

" 21+1 1 vz
o [

1/2
)] (@) (Q1)dirsl8) | ik ) | il D), (Q1), (Q2)UE(0)) . (A13)

X(TM +q |17gMX Tk + M'" | 1TM" BY(3,(Q3) V5 1(Q})d,(6) | k.m,,,,-(¢)¢,,1(Q1)¢,.2(Q2)¢’§(6)> . (A14)

In the case of zero electronic angular momentum in both electronic states, M’ =0, and V,, becomes

(21+1)(27 + 1)(27 + 1))V 4 o,
e

X(IM + q | 1T gM¥Tk | LIORY U, (@551 (Q])d}.+(0) | df, ..(¢>)w,.,(Q1)¢,.2(Qz)¢"(6)> (A15)

For photons of definite polarization, and ignoring the j dependence implicit in §g,(Q{) through energy conservation,
it is possible to calculate the approximate photofragment orbital angular momentum distribution as

P =2 ex P V]2 . (A16)
T1
Use of a Clebsch—Gordan sum rule then yields the result
_ 2(21+1)(27 +1)
P.r(l)—leqxol p) §2j+1
X [T [ 1TORXTM + ¢ | 17qM) (@50 51(Q1) A 0) | Ak &), (@1 (QUE(ONI? . (A17)

Determination of such a simple form for P,(j) seems hopeless at this point, but this is not the case. By solving
Eqs. (II. 35) and (I1. 36) for (a, 8, ) and (a’, 8, v’) in terms of (¢gp, 855, Ysr) 2nd 5, we oObtain

D;k((x’ ﬁ’ Y) = Z.Dz»l"( ¢SF} GSF’ YSF)D;:'k(O’ 6 - ¢’ 0) ’ (AIB)
D}’nm(a’: 8,7") =E”Dfnm~(¢sp, Bgrs VSF)D{n" m'(or 6,0) . (A19)

These transformations may be used on the wave functions (IL 3) and (IL. 7), and on the coupling Di;.(a, 8, v) to provide
expressions referred to a body -fixed system fixed relative to the diatom—atom vector. Manipulations entirely
analogous to those given above then permit the calculation of P,(j), again ignoring the dependence of {,(Q]) on I,
yielding

(25 + 1)(2J+1) Z

P,(j)= {eqXO,Z

meF 2j+ 1
X [T | 1IORYTM + | 17qM¥n (@3 b5(@D)Be(8) | Al ® = 5 (@10, (QIVE(BN]? - (20)
Of course, averaging over initial M levels may be analytically done, yielding for Egs. (A17) and (A20)
P,(n= "% [(l +%) Z<Jk | 170%)2 | (U0 (@302 (Q1) b (8) | Al )i, (@10, () E(5)) | ] (A21)
and
. !e Xo 2 2 A22
P,(j)=—%5"— [(J +4) 2 (- 1T0RY? [(n (@5 1(QD) B0 | A6 — ), (@1 (Q)EL(ON) [* (A22)

11. Photodissociation by scalar coupling

Having obtained expressions for (f| V|4 with V a first-rank tensor, the case when it is a scalar is trivial. For-
mulas (A8) and (A9) may still be used, giving after some manipulation as above
21 +1)(25 +1)]¥2 = )
1y | = [Br GNP 50,5 5 m” | m 0@ @) dbd6) | (@0 @I OtEe ) (a23)
m"

as given in Eq. (II.37a). Squaring and summing over j (ignoring the dependence of Jg; on j), we obtain the distribu-
tion of orbital angular momentum P,(}) as
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P,(=V 1+ 2)6,,6,,,,2 KU Q)£ QD dbA0) | Un, (@000, (QV5(B)dE, )} |? . (a24)
As in the first section of this Appendix, we may also do the calculation referring everything to a body-fixed sys-
tem rotating with the diatom-atom vector, to give

: 1/2
1= [B TN g0 56,0 3 Gm” |150m N (@D @Dn(®) b, QU @IPNOEEm - (A2)

as given in Eq. (II.37b). Then the distribution P,(j) may be obtained as
Py()) =V +2)8,30un )"; | ¥n(Q) 021 (QD e8| U (Q0)¥n,(Q2)V(0)del0 - &)} |2 . (a26)

The similarity of Eqs. (A24) and (A21) and of Eqs. (A26) and (A22) shows that unless Eqs. (A22) and (A24) show a
very strong dependence on J, the results including the first-rank tensorial coupling of Eqs. (A21) and (A22) differ
only slightly from the scalar coupling calculation. This arises because the first-rank tensorial coupling distribu-
tions from an initial state specified by Jygns,, are merely linear combinations of scalar coupling results for J, ..,

= tensors Jtensor 1. Thus, the full dipole interaction need not be retained if rotational distributions are all that is

desired. It is necessary, however, for a treatment of photofragment angular distributions.

B

APPENDIX B: EVALUATION OF LINEAR TRIATOMIC MOLECULE BENDING-ROTATION FRANCK-CONDON
FACTORS

I. Amplitudes for joint production of / and /

Expression of Eq. (II. 40) for the bending —rotation Franck-Condon factor requires the evaluation of the sum of
integrals

Zp=1 ;(Jk' |z 0) fo ) dd 5 d},nd)di{pd)?(5) . (B1)

Using the Bessel approximations (II. 41) and (IL. 42) and the symmetry (J&'| [jR'0) = (= 1)**=9{J - k' | Ij - £'0), this may

be rewritten as
1/2
(z+k')1(J+k>)!z("2‘k>l ( -
Z=nk 2R [GRON +%)""(J+%)"‘>" {(J+%)"< J =kl
vi k0 l_(l B - k>)‘<u+k> [(J+k<)!]

x fo " 8(k8)" T l(1 + $INBW o (T + 1)PO) L2y 2(K362) expl— K262/2)( - 1)4e

. J+E l 1/2 vimd «©

+{J+1%) "<[57:-£T] (= 1)ri-d*r fo dd 8(k0)* T (1 + 2M0) e ((J + $)pB) LY, 1 /2(k26%) exp( - K252/2)} , (B2)
where the second term in the braces is omitted when 2'=0, and &, and k, are taken to be the lesser and the greater
of k and &, respectively. The integrals remaining in Eq. (B2) are now quite involved, but the general results may
be simplified using the identities

k(252 - ntk ("252)"l

L,,(KG):%(—I)’" ) —o— [Ref. 43, (8.970.1)], (B3)
(o et (L KLV poitia, (B4)
tsJ,,(Ao)_(H+ kZI)Jk,I(AG) [Ref. 43, (8.472.1)], (B5)
. Y8 L ktNN(d k+2\ (d  k+in

aJ,,ma)_{(dA+ DE+EY - (& )}Jk,(Ab), (B6)

and the standard integral [Ref. 43, (6.633.2)]

fo ) d5 8J,(A6)J,(B6) exp(~ k%6%/2) = ;15 exp( ‘1‘—22%3—2)1,,(‘43 ) (B7)
The integrals involved in Eq. (B2) are all of the form

Waswa = [ 8 8007, (A0) . y(BOLY K30 &40 (88)
where A=k, k-2, ~4,...,0.
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Application of formulas (B3)~(B7) then yields the following general solution for Wangea'

i n+k (_ 1)(k_A)/2Kk 1 d (k=-a)/2
Wnkk’A=m=0 n—m 2™m ! (KdK> <K dK)

d kK -s+1\/d K -a+2 d | P\t A+ BY  (AB
{(dB 5 )(E§+ B ) d—B+7§>}[ﬁexP(‘ 22 >I’*(ﬁ'>] (B9)
Using this result (B9), analytic forms for Z,, have been derived for *=0°, 1!, 2° 3! and 4° and are found to be
—yrl - A+ BASS eyt [@p)l )
2= /% U1+ (-0 exp (- 25 E) Sl ip0a+ D + i L [T EIRT () (B10)
2 2
Zzo=\/2'%[1+(- 1)“""]exp(— %{Z—B-)
, , e[ (1 + )1 12 1
< T plipo L+ 5+ D (BB 2 = D050 =50 3) L D g (B11)
2 1/
2= VT [+ (-1 exp (- A )Z<Jplszo>[(z+%><J+%>J-'[z—7——”“’if‘jfﬁ;f] 2
1
1+5 {(Zx —4x+1+y2)1p(y)+y(2 2x)[lp+1(y)+1|p- |(y)] [Ip’z(y)+llp- I(y)]} (B12)
vz _A’+B ; Loy [EHEDT )2 T +3
Zii——«/Z_KeXp( P >Pz ((JP,ZJP0>[(Z+2)(J+2)]p[(_p)'(J_py] TT+1)
e la) 41,01+ (5 - )iorf+ (0 o2iap <1 11000+ i+
I+p -1 DIV2VI(T + 1)
[(l §+1;,EJ+§+1;!] Jf; { Lyt (9) + L, (9)] + (f———)l,(y)}) (B13)
] A2+B L[ T+p) 2 T+5 PxK J2"B
Zy =T Texp (45 ) (oplpot oo [RGB T b 22 BB 4]
+ Ly (9) +1puy(9)] Tﬂ (x -p-1+ K—z) - 2—%—,;[1,.2@) +Hjpean y)]} +(= 1) gp — 1 2ip - 1O+ 3)(T + )]
({T+p - +p -1 V2VI(T+1) pxx | VZA By
><[(l—p+1)!(J—p+1)!] J+2 {M’[m*—r“"‘"m]
2
#po3) +t) g (5 =2 -1+ B ) = 5B ) +1|p-2|(y)]}) : (B14)
In these formulas I, is the modified Bessel function, ** and
A=q(l+3), (B15)
B=p(J+3), (B16)
x=(A2+BY/2x% | (B17)
y=AB/x% . (B18)

Expressions for other values of v and k may be obtained from Eq. (B9) as desired. All of these expressions reduce
to the correct limiting case (neglect of dynamic axis switching) as p— 0.

l. Probabilities of producing j{/) independent of /()

If one is only interested in the probability distributions for production of j (or I) independent of I (or j), formulas
(II1. 1) and (III. 2) are much simpler to deal with than Eq. (II.40). Making the small angle Bessel approximation in
Eq. (IT1. 1) then yields a sum of the squares of integrals of the form of Eq. (B8), and the general solution of these in-
tegrals (B9) then permits rapid computation. We have worked out these resuits explicitly for the cases =00 11,
2% 3!, and 47, thereby obtaining

0 n\? A2 4 B2\ TP N 131 -2m | T +m)H(T +m)!
Pg(l)=2(2l+1)(;> exp(— T){ Z,; [T+ +3)]"7? [m][l (»]? 1+5 } (B19)
An(J,1)
PY()=2(21+ 1)(%)2 exp (— “‘2—,:;53[" Z; [ +2) T +2)]*"
(T+m)(I+m)!] 1
x[(J_:Z)!(Z_Z)l]I+6m0[1,,,(y)(2x—1)-y(I,,,.t(y)+I,,,,.“(y))]2], (B20)
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2 A2 oy gmin{s, ) . e (J l(l+ !
p=2+ (L) exn - LB ) CES TR [t o]
1

X
1+6

2 2
{(2x2 —4x +1+900,(9) +9(2 = 20)[1 0 (9) +1) ey (9)] + %[Imz( y) +I|m—2|(y)]} ) ) (B21)

i+ ~é_).z,,,[(l + m)!]

1-m)!

m0

. 2 2 2
P =+ T exp (- 255 Mok - 4) o) + 1050 o

X((J+%)2m(J -m)! [ ( %)+[1md(y)+l,,,.1(y)]-2‘—?ﬁ]2

2
e *”" {,M( (2L - )+ ) +I,.(y)1§%} )] (B22)

P =(1+1 )2J(J+1) eXP< A2+Bz)[{ 1(y)(2x 2sz+2A_sz [Iz(y)+zo(y)][ (x 2+‘_“_2_)]

2)2 K K
min(.l.l)
1y 1 - 2 2 2B -
-2 a(Y)+11(y)} <z+a)2m§‘—‘j-m—;}((J+a)2m§j+$§,{z( (B - 2Bx, 2B -)

+[Im¢1(y) +Im-1(y)]|: (x 1- m+—f ] [ImﬁZ(y) +Ilm-2|(y)]}2+(J+%)-2mgiln_;l{ md( )[M

A 2B ) + 1) [ =2 - + 42—)] Bl ) +1,,,-1(y)]} )] . (B23)

minlJ,1)

ma

K2

Explicit expressions for other values of v and k are readily obtained from Eq. (B9).

APPENDIX C: LINEAR TRIATOMIC MOLECULE PHOTOFRAGMENT ANGULAR DISTRIBUTIONS

Starting with Eq. (IV.5) and expressions (II.3) and (IV.2) for the wave functions ‘I", and ¥,, we may convert the
spherical harmonics to rotation matrices, * use relations (A18) and (A19) to express (a, 8,v) and (a’, 8, 7') in terms
of (dgp, Osrs Yer), &nd thereby obtain

|2 (27 +1)(2j +1)

- (21+1 o a
39,3 Z t ‘e’°!——‘1—1-1——)DL"5(¢,6,0)fdQSF DLO(QSF)D{nm"(Q'SF)

lum'm»

mm

'(Q'SF)qu"(QSF)(lpEI(Ql)dm"o(o)lpn(QZ) ’dm'“O(9 - d)) |d;),l;(e - ¢)¢n1(Q1)¢n2(Q2)%(5)> i . (Cl)

I,,(é, {75) = lequ

Application of the Clebsch—Gordan series for D functions®? and an expression for the integral of a product of three
D functions*? then yields

X, ‘2 (27 +1)(2j +1)

. 2 Surm|Gumyd'm" | [jom' ")

wmtmim
1rege

Iﬂ(§9 &)) = leq

X(J"J, +mIJ1Mq)<J'm"|J1m'm"')(J"m' +m"'|J1m'm"')(J"k‘J1k0)

PP 2
Xz"e“r;j,fl D, 8 005 {QD)n (@) tem o(6) | A7 (0 = VUi, (@1 (QUE(ED)| (c2)

The Clebsch~Gordan coefficient (J'm’’|Jlm'm'’’) constrains m’ +m’''’ =m’’, so the sum over m’ and m’’’ is simpli-
fied by the sum rule

m};ﬂ I'm" | Tl m" YT m" +m " | Tim'm"" Y =6 yugm (C3)
yielding
B, 8= et BN 5 o g 2t
DL, 8, 0N’ +m | Gipm)J'm'" |10m" XJ' u +m | JAMGHI 'k | JLEO)T 11y ’ , (c4)
where
T sejpme = Wp1(Q1)Un(Q)Awn(8) | dipnl & — 8),(Q1)4,,(Q,)U5(5)) (c5)

as in Eq. (IV.7).
Noting that p +m =M +g¢, we see that only one value of ;. may contribute to the sum. Explicitly squaring the sum
in Eq. {C4) and utilizing the fact that®®
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I n\fl I n

-» o/\o o of (cs6)

DLY(6,8,00DL($,8,00=(~1)*3_(2n+1)P,(cosd)

we then obtain

I ' m\ft U' n

.o (27 +1)(2j +1) ~ (2n +1)(21+ 1)(27' +1)

1408, ¢)=|e X, |* ———L 2 (D) gf Ot _1)w

708, )= |e,X,| B %ﬂ i e (=1*Po(cost) = yor s \u —» 0/l0 0 o
mmt I

XT yoyumer T gmgme T 1 +m | GumdI " b +m | VjumdT'm'” | 1j0m'’)
X 'm | V50m )T’ 1+ m | JAMKT" 1 +m | JIM@)(J | JLEOY(T" | J1E0) (oX))

Equation (IV. 6) may then be obtained by the conversion of all Clebsch-Gordan coefficients to 3 —; symbols, ® sum-
mation over final m sublevels and averaging over initial M-sublevels using the relation®

c a f 2 b e\fd ¢ Afb 4 f
W(abcd; e = (—1)fme-o-s .
' ¢ ; ) @ B -¢/\dD v ¢/\Bp & -9 (c8)
Introduction of the high energy approximation to the phase shifts
In
A (c9)

and taking T ,.,~ to be independent of I now permits further simplification of Eq. (IV.6), through the evaluation of
the sums over [ and I’. These summations may readily be performed using the relation®

a b e\fd c e c a f\fb d f

- _1Y-e=a-6 2
PR | -;( AR CADLICIT) WY | PR I (C10)
thereby obtaining
aA 2(2]+1) Z ’ 7} 2 misJ NaJ= Jr4q 1yt
1,6, )= e, X, | Ty ”(2n+1)(2J +1)(2J" +1)P,(cos6)(-1) W(L1g'J'"; nd)
Tem
n 1 N 1 J\fdg 1 J'\[J'" =n J
X 0 -q ¢/\e 0 —p/\e 0 —r/\om’ 0 wm’ T yegem Tamgeme - (c11)
Straightforward integration over $ then yields the expression (IV.9).
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