POSTULATES AND THEOREMS
OF QUANTUM MECHANICS:

Postulate I
(a). Any state of a dynamical system of N particles is described as fully as possible by a
wavefunction, W(x,, V1, Z1» X3, Ya» Z2» X3, ¥3» Z3, .- » t) Which contains all information one can know

about the system.
(b). The quantity | ¥|? dx, dy, dz, dx, dy, dz, dx, dy, dz, ... gives the probability that

particle 1 will be found within the small volume between  x, and x; + dx,,

yi and y, +dy,,

z, and z, + dz,, while at the same time
particle 2 will be found within the small volume between  x, and x, + dx,,

y; and y, + dy,,

z, and z, + dz,, while at the same time
particle 3 will be found within the small volume between  x; and x; + dx;,

y; and y; + dys,

z, and z; + dz;, efc.

Postulate II:

The equation of motion for P(x,t), which determines governs the time development ofa
system, is given by the time-dependent Schrodinger equation:

() _ W2y |
ih—__at 2m' ax2 V(x)‘l’(x,t),

where h = h/2T0 = 1.0545887 x 107" erg-sec = 1.0545887 x 107 grem®s™, i =V - 1, m s the mass
of the particle, and V(x) provides the potential energy as a function of the position coordinate, x.
This equation must be suitably modified for a particle moving in more than one dimension, or for
more than one particle.

Postulate III:

For every observable property, A, of a system there exists a linear, Hermitian operator, A
This operator is found by writing the corresponding classical mechanical operator in terms of
coordinates and their conjugate momenta, and then converting to operators by replacing the
coordinates x, y, and z with operators X, y, and z which are simply multiplication by the coordinate,
and by replacing the conjugate momenta p,, p,, and p, by the differential operators p, = h/i 9/0x,
p,=Wid/dy,andp,= Wid/dz. ) .

An operator, A, is linear if A(c,f + ¢,g) = ¢,Af + c,Ag for all functions fand g which are
acceptable candidates for wavefunctions. Here ¢, and c, are arbitrary constants.

An operator, A, is Hermitian if
f fAgdt= f

(Af)" g d for all functions f and g which are acceptable candidates for
wavefunctions, and the integration is taken over all space.



Postulate I'V:

The only possible values that can result from measurements of the property A are the
eigenvalues, a, of the equation .
A(bi =g (bi-

Furthermore, if a system is in a state, ¥, which can be written as a superposition of the
eigenfunctions of A as

P=Y ¢ b, ,

then the probability that a measurement of the property A will result in the observation of the value
a, is given by
P(a) = |c,|?.




Theorem I
Eigenvalues of a Hermitian operator are real.

This simple statement insures that observable quantities such as position, momentum, kinetic
energy, angular momentum, etc. are real, and that you can never ask a question like “Where is the
particle?” and get an answer like “3.5i miles soutwest of Seattle.”

PROOF: Suppose A has an eigenfunction ¢; with eigenvalue a;:
Ad;=a

Multiply by ¢,” and integrate, obtaining f b AP, dT = | d'a ¢, dt

=2 f ¢ P, dt
Since A is Hermitian, however, [fAgdt = [(Af'gdt = Uzg?EAf) dr]* |
Letting f= g = &, f b*Ad, dT = U¢;(A¢9 dr]'.

But from above we know [d*Ad; dv =3, 50 Ucb;(Aq)i) df=a
Therefore, |[$:(ad) dtf =4

and [ai]' =3,

or a, = a,, which can only be true if a; is a real number.




Theorem 11

The eigenfunctions of a linear Hermitian operator are, or in the case of a degeneracy can be
chosen to be, orthonormal.

PROOF:
(1). Normality

Given a set of eigenfunctions of A which are not normalized, Ad; = a, ¢, and f &P, dt = 1,
we can always define new functions, ¢, = ¢; &; such that the new functions ¢;" are normalized.

This is done simply by choosing
¢ =1/ [f d;"; dt]*?

Proof that this new ¢, is normalized: Do the integral!
[6.¢ dt= [@dyedddr=(cc) [drdidr
=, ot T x [ b a1 ¢ [y an =i, an) /1 &b dn =

(2). Onhogonality )
A Let Ad,=a d,and Ad, =a ¢, where a, and a; are different eigenvalues.

Then, multiplying by ¢,” and integrating we get:
f(bi*A(bj dt = fd)i. aj ('b.l dt= a_, f(bi* ¢_1 dt
But A is Hermitian, so f ¢ A, dt = f (Ad)'d,dt= f (ad) ¢, dt= f ENONON f ;' dt

Following the equalities around we see that a f ¢ d;dr=a’ f ¢ b, dt, or

(a. - ah) r(b-*d)- dt=40

j- ) ) P
Furthermore, since a; is real, a, = a,’, and (a; - a) f ¢, 'd,dr=0.
This can be true if either (a; - a) = 0 or f ¢ P, dT=0.
For different eigenvalues (a; # a), f ¢;’d; dT must be 0, and the eigenfunctions are orthogonal.
B. If Ap,=a;and Ad,=a d;, we have a degenerate situation and the proof given above

does not apply. However, in this case we may choose any linear combination of ¢; and &;, and if will
still be an eigenfunction of A. This is because A is a linear operator such that

A(cid)i + Cj(l)j) =G Aq)i v A‘b,‘
=cia¢i+cja¢j

=a(c; + G ¢j)

e e pe———— LSS




Choose our new linear combination of ¢, and d)j as:
¢, =, and §, =P, + c §;, and choose c so that ¢, is orthogonal to ¢,.

0=[d b, dt= @7 +cdyar= [dddv+c[d D ar.
Solving for ¢, one obtains:

c=- f ¢, dt/ f ¢,"d, dt . This ratio of integrals must take on a defined value unless the
denominator is zero, but the denominator cannot be zero if ¢, is any function other than 0. Thus, the
two functions ¢, and ¢, can always be combined so that a new pair of functions, ¢, and ¢,, are found
which are orthogonal.

If a set of three degenerate eigenfunctions {},, ¢;, and ¢, } exist, one simply defines new
functions

¢, =,

¢2 = q)j +tc d)i 3
and ¢3=¢k+d¢i+e¢k
and imposes the requirements f ¢,’'d,dt=0, [P, '$;dT=0, and f ¢,’d, dT = 0, leading to three
equations in the three unknown coefficients c, d, and e.

This process may be generalized to an arbitrarily large set of degenerate eigenfunctions, and is
called the Schmidt orthogonalization procedure.




Theorem III:

Any arbitrary, well-behaved function, f, which satisfies the same boundary conditions as the
eigenfunctions of a linear Hermitian operator, A, can be expanded in terms of the complete set of
eigenfunctions of A as:

f=X¢ d)i
. 1
where ci=f¢)ifd‘l:.

PROOF: We will not prove that the set of eigenfunctions ¢, form a complete set — that is for the
mathematicians to do. Instead we will solve for the coefficients, ¢, . Begin with the assumption:

f=2co,
Multiply by @,” and integrate over all space, to o‘;tain
[o; £ar=% ¢ b dv=E c[/bd1=F ¢, 8,=¢
Thus, ¢; = f ¢ fdt, or ¢= f ¢ ’fdt, and

£= 3| [y rarlp,




Theorem IV

If there exists a common, complete set of eigenfunctions for two linear Hermitian operators,
A and B, then these two operators commute such that

A(Bf) = B(Af)

for any function, f.

NOTE: In general, operators do not commute. Thus, for example, the operators for position, x, and
momentum, p, = h/i 6/, do not commute:

but

From this we see that

_ _bh L d
G.2-2p)7= 2 e x Y

This may be nicely summarized by

B E-2p)f=~T1.

PROOF: By hypothesis, there is a common set of eigenfunctions of A and B, which we may call
{®,}. Letting the eigenvalues be designated by a and b, , we have

Ad;=a ¢, and B, =b; ¢,

We want to prove that (AB - B A) { = 0 for any .
First, expand f in terms of the eigenfunctions ¢;:

1|J=-zci¢i!

1
where the coefficients c; are given as ¢, = f ¢,"Jr dt. Then
(AB-BA)y=(AB-BA) iZcid)i

-Z(AB-BA)G G,
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Fi-: ci(biai¢i'aibi¢i)

=X ci(biai'aibi)q)i

i
Z ci(biai'biai)(bi
1
=0
This is true for any { which is an acceptable wavefunction, so the operators A and B commute.

NOTE: For this theorem to hold, the operators A and B must share a complete set of eigenfunctions,
not just a few.




Theorem V:

If A and B commute, then there exists a common, complete set of eigenfunctions for them.

NOTE: This does not mean that every eigenfunction of A must be an eigenfunction of B. In the case
of degeneracy, thearight linear combination of eigenfunctions of A must be found for them to also be
eigenfunctions of B.

PROOF:

Let Bo; =b; ;.

Then, AB(I)] d Abl ¢i = bi A(bl .

But if A and B commute, then AB), = BAd,,
so BAd, = b, A,

or B(Ad) =b; (Ad).

So both ¢, and (Ad,) are eigenfunctions of B with the same eigenvalue, b;.

CASE A:

CASE B:

The eigenfunctions of B are nondegenerate. This means that only one eigenfunction
exists which has the eigenvalue b,. Of course, multiples of this eigenfunction are also
eigenfunctions with the same eigenvalue, but are just not properly normalized.

Because no other eigenfunctions exist which give the same eigenvalue, our
eigenfunction (A, must be a multiple of &, , which could be written as a, §;. Thus
we have A, = a, ¢, , and our function @, is simultaneously both an eigenfunction of
Aand B.

The eigenfunctions of B are degenerate. This means that there are a set of
eigenfunctions of B which all have the same eigenvalue, b, We can designate these
different eigenfunctions with the same eigenvalue as ¢, &, ®, O, erc. Our
result above, B(A®,) = b; (Ad), is true for any one of these ¢, giving a
corresponding equation for each of the degenerate eigenfunctions of B, ¢

B(A ¢) =b, (A )

B(A ™) =b, (A ()

B(A ) =b; (A ¢)

B(A ) =b; (A ¢

etc.
Thus, both the set {®®, d2, &, G, ...} and the set {AD, AP?, Ap®, Ad®, ..}
provide a set of eigenfunctions of B. Since there are only N linearly independent
eigenfunctions of B, we must assume that our set {APD, AD@, AP, A, ..}
consists of linear combinations of the set of functions {&{, @, &, &, ...}, Thus
we may write:

{\‘bfl) =A, OV + A, PP+ A, O+ .
{\d)gz) = Ay O + Ay O + Ay o+ ..
AP = A, O + Ay OGP + Ay &P + .
AGD = A G+ A P+ A, 0P+ .

efc.




This may also be written in the matrix form:

¢ 4, 4y, 4y 4, ¢
A U _ Ay Ay Ay Ayy|| 67
P 4y Ay Ay Ay)| 69
¢’54) A, A, A, Ay, ¢§4)

If the theorem we wish to prove is true, then we should be able to find some linear combination of the
degenerate eigenfunctions of B, {§{”, d{®, ¢, d{¥, ...}, which is also an eigenfunction of A.
Calling the new eigenfunctions of A X; , with eigenvalues a; , we then obtain:

ij = a, )X;, or writing %; out in full as a linear combination of the &
A[C;, O+ Cp 6P + Cy & + . =3 C;; &+ C, P + C P + ],

However, we know the action of A on each ¢® gives a linear combination of these functions,
as

APP = A, OP+ Ay OP + A GP + .,
so we seek the linear combination, C;; §{ + C;, { + C;; & + ..., which gives:

[C A +Cp AG® + AC, 0P+ 172(C, ¢ + C 4 + € 6P + ]
or

[le (A ¢§1) + A, OO + Ay ¢i(3) +..)
+Cp(Ay OM + Ay G + Ay, P2+ .)
+C (A G + Ay, 6P + Ay OO+ ) +.] = a[C, ¢+ Cp ¢ + Cs ¢+ ..]

Since the $p® functions are orthonormal and everything else in this expression is a constant, we can
simplify things by multiplying by ¢*" and integrating over all space to obtain:

[Ciy Ay + Cpp Ay + Gy Ay ... ] = aj[Cy], one equation for each value of k.
Writing out several of these equations, for k=1, 2, 3, ... we get:

le (Au"aj) + Cjz Ayt st Ay +.. =

le A+ Cj2 (Azz'aj) + st At

Cip At CoAnt C (A33'aj) T =
etc.

]
o oo

These equations may be written in matrix form, as




Ay-a, 4, Ay, Ay | G 0
A, 4y-a A, Ay 1| G B 0
A Ay Ay~ a, Ay st i o ’
Ay Ay Ay Aumal| Gy 0

or more compactly, as (A’ - a,I) C=0, where A'is the transpose of the A matrix. Thus, by
finding the eigenvalues and elgenvectors of the A‘ matrix, the degenerate eigenfunctions of B
can be formed into linear combinations which are also eigenfunctions of A. This proves our
theorem.




Theorem VI: The Variational Theorem

If §r, is the true ground state wavefunction corresponding to a mechanical system specified by
the Hamiltonian, H, with exact ground state energy E,, and if ¢ is a trial wavefunction which obeys
the same boundary conditions as J,, then the variational integral, W, obeys the following inequality:

f¢ Addt
e

> E, .

PROOF: By theorem TII, ¢ can be expanded (in principle) in terms of the complete set of
solutions to the true Hamiltonian (even though we do not know these wavefunctions).
Denoting the exact solutions to HY=E{r by {,, with energies E_, this gives

¢ =Y c, ¥, , where HYs,=E, s,
Then, evaluating [ ¢ H¢é dt we obtain
[ HO dt =Xt H Y el dt
=YYe e U, H, dT
=LYe cnl Un En P dt
=YY Cn En ¥, Y d7
=YY, En By
=Ye, . E,
=Ylc,|*E,
But we may also evaluate [¢$*@ dt in this way,
[o*d dr =X e Vo 1" [X co Wl dT
=YY cul W W dT
= YY60 Cn O
=Ye'o, = Ll

Now, let’s write out [ Hd d in detail:




[@Tpdr = Y| lE,
= |G| Es + |, |*E, + 6| By + [P By + ...

If we choose the labels of the levels such that E, is the ground state energy, E, is the first excited state
energy, efc., then we can be sure that

Ec<E <E,<E; ..
This implies that E, > E,, E,> E,, E,> E,, etc.
Because the energies are ordered in this way, we can be sure that
JOHE dT = Y[ |*Ey= |co| Ep + [, By + || B, + [P By + ..
2 || 2B+ |2 Eg+ |32 By + |52 Eg + ...
2 By (|6 [er] + [e] + e[ +..)
>E,Y |c,|% or

[®'Hd dt > E, [$'d dt, which after division by [$"d dt gives:
" [o°Béar

0 *




COROLLARY: If the trial wavefunction ¢ is chosen to be orthogonal to the exact ground state
wavefunction, |, then

f¢*1§'¢dr
W=
[EX X

zEl.

PROOF: All follows as before, up to the point
J@®'He dT = |co?Eo+ &P Ey + 6y * By + || P Es + ..
and JOP AT =fcof?+ fe*+ e+ [e5)* + ...

However, since the coefficients, ¢, are given from Theorem ITf as ¢, = [,” & dT, our assumption
that ¢ is orthogonal to the true ground state wavefunction, {J,, then makes ¢, = 0, giving

[@HD dt =|c,|?E, + |&|?E, + || *Es + ...
and [P dT = [o]*+ o]+ o] +..
Using the inequalities E, > E,, E,> E,, E;> E,, efc., we can now write
[®'H dt =|¢,|2E, + || E, + |52 By + ...
2 |¢|2E, + || E, + ;|2 E, + ...
2E (Joi|*+[e]*+ [o]*+ )
2B, (o] + [eof + e+ )

2E, Y |c|?, or

ftb*ﬁ(bdr
W= e
[o dar

zEl.

By extension, if one chooses a trial wavefunction which is orthogonal to {, and {,, one obtains

[oBoar
W=d —
[EXX

> E,, et




Theorem VII: The Uncertainty Principle

For a system described by the wavefunction {, the uncertainties in the properties described by

the linear, Hermitian operators Aand B obey the relationship

A4AB » %Ifq;*[ﬁ,é]q;dr[

PROOF: First, define the operators SA and OB as

A =A-(A)
38 =B -(8B).

Next, consider the integral

I-= f|(a6zi-—i6;§)q:|2d‘r,

all space

where o is an arbitrary real number. This integral is clearly greater than or equal to zero,
since the integrand is never negative, Expanding this integral, we obtain

f {(@d4 - 3B} {(@dd - i5B)y}de 2 O .
all space
Separating the first factor in the integrand out into pieces, we obtain
o f (DY} {(wdd - idB)Y}dr + i f (OB} {(e 84 - id8B)Y}dt > 0.
all space all space

Next, we can make use of the fact that A and 8 are Hermitian (and as a consequence, SA and
8B are also Hermitian) to give

f ¥ {edd(add - idB)y)dr + f Y {i(®B)(@dA - idB)y}dr > 0.
all space all space
The two integrals may now be recombined to give
f V(@dd + i8B)(@dd - i8B)ydt > 0,
all space

which may be recognized as an expectation value and written as

(wdA + idB)(xdA - id8B)) 2 0.

Multiplying out the operators, separating the result into terms, and factoring out the constants
then gives




a{(dA)*) -ia{8ABB) +ia(8B84) +{(dB)) > 0.

The two terms involving (SDASB) and (83BSA) may be combined to give

a2{(8A)) -ia (3488 - 8B34) +{(6B)*) > 0.

Defining C = -i {A, B, it is easy to show that € = -i [8A, 88]. (This is obvious because the
constants (A) and (B) commute with anything. Then the expression obtained above becomes

a2((®A)) + a{C) +{(BB)Y) > 0.

Now, we can rewrite this expression in another form by completing the square, to give

(@A + —O Yo ey - SE°_ L .
e 2<(6fi)=>) e SGa
This inequality must hold true for all real values of &¢. Setting
- (&
2(@4®)

we obtain the inequality

A (Y
((OBY) » —=L |
©5) 24(@‘»5)2)

which rearranges to

(@Apy@EBy) » €

Recognizing that (A ) = (A - (A)) =(A? -2 A(R) +(A)?), and noting that (A) and
(A )? are constants, which may be pulled out of the integral, we obtain

(BA)y)=(A% - (A

Likewise,
(8B =B -(B)*.
Thus,
((BAY) = (AAY
and ((6B)» = (AB).

Our previous equation then becomes




2
(AAY(ABY: i?- .
Taking the square root and substituting & = -i [§A, 681, we obtain:

AAAB> %H[aﬁ,sﬁm .

If we now expand out the commutator, using 5A = A - (A) and o8 =8 - (B), and noting
that the expectation values {A) and {B ) are constants and commute with everything, we then obtain

AAAB %K[A,ﬁ])l .

This is the uncertainty principle in its most general form, which is valid for any two linear
Hermitian operators A and B. For the specific case of position, X , and momentum, p, we may use
the fact that these operators commute to give the constant ih, which may be pulled out of the
expectation value to give

h
AxAp > 3

This is the classic form of the Heisenberg uncertainty principle, relating position and
momentum,




